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Abstract

The paper deals with combinatorial and stochastic structures of cubical token sys-
tems. A cubical token system is an instance of a token system,which in turn is an
instance of a transition system. A formal theory based on a system of four indepen-
dent axioms for cubical token systems and main algebraic properties of these systems
are introduced. A representation theorem for a cubical token system is established
asserting that the graph of such a system is cubical. Stationary distributions for
random walks on cubical token systems are calculated.
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1 Introduction

Cubical token systems and media are particular instances ofa general alge-
braic structure, called `token system', describing a mathematical, physical, or
behavioral system as it evolves from one `state' to another.This structure is
formalized as a pair (S; T) consisting of a setS of states and a setT of tokens.
Tokens are transformations of the set of states. Strings of tokens are `messages'
of the token system.

In the �eld of computer science, tokens systems are special forms of `transition
systems' [19]. However, we do not follow this lead in the paper. Instead, we
propose a system of axioms specifying a class of token systems. In the frame-
work of axiomatic approach, we make no assumptions regarding the nature of
states and tokens. Four independent axioms are postulated on the pair (S; T),
which then called acubical token system. The name is justi�ed by the result
of Section 6 asserting that the graph of a cubical system is cubical, that is, a
subgraph of a hypercube.
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The concept of a medium was introduced in [6] as a token systemspeci�ed by
another system of constraining axioms, and developed further in [7,16]. For
more recent advances in media theory the reader is referred to [14,15] and the
forthcoming monograph \Media Theory" [5].

While the concepts of cubical token systems and media may seem abstract and
far remote from applications, they are easily specialized into concrete models,
o�ering useful tools for the analysis of data. Two examples are selected to
illustrate instances of cubical token systems.

(1) Preference relations.In many empirical situations in social sciences, sub-
jects are repeatedly asked to provide judgments concerningcommodities
or individuals. It is typical that these judgments take the form of bi-
nary relations such as weak orders, semiorders, or other partial orders. A
family S of partial orders on a �nite set, equipped with the set of trans-
formations T consisting in adding (or removing) an ordered pair to (or
from) a partial order to form another partial order in S is an instance of
a token system. The token system (S; T) is cubical in many applications
(see examples in Section 7).

(2) Learning spaces.The knowledge structure [4] is a familyK of subsets of a
basic setQ of items of knowledge. Each of the sets inK is a (knowledge)
state, representing the competence of a particular individual in the pop-
ulation of reference. In a typical example, the setQ is a set of questions
(problems) each of which has a correct response. The knowledge state of
an individual is represented by the set of questions inQ that the indi-
vidual is capable of answering in ideal conditions. A learning space is a
knowledge structure satisfying two compelling axioms. To cast a learning
space as a token system (K ; T), one takes any knowledge state to be a
state of the token system; the transformations inT consist in adding or
removing an item to (from) a state. The token system (K ; T) is cubical.
Furthermore, it is a medium. The computer educational system ALEKS
provides on the Internet (www.aleks.com) an educational environment
based on the theory of learning spaces. This system is currently used by
many schools in the US and abroad.

We begin by introducing basic concepts of token systems in Section 2 and
axioms for cubical token systems and media in Section 3, where it is also
shown that media form a proper subclass of cubical systems.

G-systems are token systems de�ned on connected families of sets. In Section 4
we show that they are instances of cubical systems.G-systems are typical
examples of cubical systems as it is demonstrated in Section6.

Structural properties of states and messages of a cubical system are estab-
lished in Section 5 in terms of their `contents'. These properties are crucial
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for the development of stochastic token theory presented inSection 8, where
stochastic properties of cubical token systems are established.

The main result of the algebraic part of cubical systems theory|the repre-
sentation theorem|is established in Section 6 (Theorem 6.1).

In Section 7 we give few examples of cubical systems.

2 Token systems

In this section we introduce basic concepts of token systemstheory.

Let Sbe a set ofstates. A token is a transformation � : S 7! S� . By de�nition,
the identity function � 0 on S is not a token. Let T be a set of tokens. The pair
(S; T) is called atoken system[6]. To avoid trivialities, we assume thatjSj � 2
and T 6= ? .

Let S and V be two states of a token system (S; T). Then V is adjacent to S
if V 6= S and V = S� for some token� 2 T. A token ~� is a reverseof a token
� if, for all distinct S; V 2 S, we have

S� = V () V ~� = S:

Two distinct states S and V are adjacent if S is adjacent to V and V is
adjacent to S.

Remark 2.1 Suppose that tokens� and � are reverses of a token� . Then,
for S 6= V,

V � = S , S� = V , V � = S:

It follows that � = � . Therefore, if a reverse of a token exists, then it is unique.
It is also clear that the reverse of a reverse is the token itself, ~~� = � , provided
that ~� exists.

S T
t

Fig. 2.1. Token system (S; T) with S = f S; Tg and T = f � g (the loop at T is not
shown). The stateT is adjacent to the state S but these two states are not adjacent
in (S; T).

In general, a token of a token system (S; T) does not necessarily have a reverse
in (S; T). For instance, the token� of the token system shown in Figure 2.1
does not have a reverse inT. It is also possible for a token to be a reverse of
itself (see Example [C1] in Figure 3.1).
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A messageof a token system (S; T) is a string of elements of the setT. We
write these strings in the formm = � 1� 2 : : : � n . If a token � occurs in the string
� 1� 2 : : : � n , we say that the messagem = � 1� 2 : : : � n contains � .

A messagem = � 1� 2 : : : � n de�nes a transformation

S 7! Sm = (( : : : ((S�1)� 2) : : :)� n)

of the set of statesS. By de�nition, the empty message de�nes the identity
transformation � 0 of S. If V = Sm for some messagem and statesS; V 2 S,
then we say that m producesV from S or, equivalently, that m transforms
S into V. More generally, if m = � 1 : : : � n , then we say that m produces a
sequence of states(Si ), where Si = S�0� 1 : : : � i for 0 � i � n.

If m and n are two messages, thenmn stands for the concatenation of the
strings m and n . We denote by fm = ~� n : : : ~� 1 the reverseof the message
m = � 1 : : : � n , provided that the tokens in fm exist.

A messagem = � 1 : : : � n is vacuousif the set of indicesf 1; : : : ; ng can be
partitioned into pairs i; j with i 6= j , such that � i and � j are mutual reverses.

A messagem is e�ective (respectively ine�ective) for a state S if Sm 6= S
(respectivelySm = S) for the corresponding transformationm . A message
m = � 1 : : : � n is stepwise e�ectivefor S if Si 6= Si � 1, 1 � k � n, in the sequence
of states (Si ) produced bym from S. A message isclosedfor a state S if it is
stepwise e�ective and ine�ective forS.

Two token systems (S; T) and (S0; T0) are said to beisomorphic if there is a
pair (�; � ) of bijections � : S ! S0 and � : T ! T0 such that

S� = T , � (S)� (� ) = � (T)

for all S; T 2 S and � 2 T.

3 Axioms for cubical systems and media

De�nition 3.1 A token system (S; T) is called acubical token systemif the
following axioms are satis�ed:

[C1] Every token� 2 T has a reverse ~� 6= � in T.
[C2] For any two distinct states S and T there is a stepwise e�ective

message producingT from S.
[C3] A message which is stepwise e�ective for some state is closed for that

state if and only if it is vacuous.
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[C4] If m = � 1 : : : � n is a stepwise e�ective message for some state, then
occurrences of a token and its reverse alternate inm . More speci�-
cally, if � i = � j = � for i < j and some� 2 T, then � k = ~� for some
i < k < j .

In the rest of the paper, we leave out the word \token" in \cubical token
system".

Theorem 3.1 Axioms [C1]{[C4] are independent.

Proof. Each diagram in Figure 3.1 shows a token system satisfying exactly
three of the four axioms de�ning cubical systems. Each drawing is labeled by
the failing axiom. We omit the proofs. �

S T S T
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T
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S

V

V

V
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t

m m

t

t

t

t

t
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m

n
n

t t

t t
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[C3]

[C4]

~ ~

~ ~

~
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Fig. 3.1. Digraphs of four token systems. Loops are omitted.Each system is labeled
by the unique failing axiom.

We need the concept of a `concise message' for the de�nition of a medium.

De�nition 3.2 A messagem is said to beconcisefor a state S if: (i) m is
stepwise e�ective forS, (ii) no token occurs twice inm , and (iii) m does not
contain a token and its reverse.

De�nition 3.3 A token system (S; T) is called amedium(on S) if the follow-
ing axioms are satis�ed.

[Ma] For any two distinct states S and V in S there is a concise message
transforming S into V .

[Mb] A message which is closed for some state is vacuous.

Theorem 3.2 A medium is a cubical system.

Proof. Let (S; T) be a medium. Axiom [C1] follows from Lemma 5.1 in [15],
Axiom [C2] is an immediate consequence of Axiom [Ma], and Axiom [C3]
follows from [Mb] and Lemma 5.4 in [15].
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It remains to verify that Axiom [C4] holds for (S; T). Let m = � 1 : : : � n be
a stepwise e�ective message for a stateS and (Si ) be a sequence of states
produced bym . Suppose that� i and � j (i < j ) are two consecutive occurrences
of a token� in m such that there is no occurrence of ~� between� i and � j . By
[Ma], there is a concise messagen producing Si � 1 from Sj . By [Mb], we must
have two occurrences of ~� in the concise messagen , a contradiction. Thus [C4]
holds for a medium. �

As the following example demonstrates, the class of media isa proper subclass
of cubical systems.

Example 3.1 Let (S; T) be a token system displayed in Figure 3.2. There is
no concise message producingP from S, so this token system is not a medium.
It is easy to verify that this system is a cubical system.

t tmT PQS

Fig. 3.2. Token system (S; T) with S = f S; T; P; Qg and T = f �; ~�; �; ~� g.

4 A `canonical' example of a cubical system

A `canonical' example of a medium is the representing mediumof a well-
graded family of sets (see De�nition 7.1) [7,15,16]. For cubical systems, similar
examples are given byG-systems.

De�nition 4.1 An embeddingof a graph G = ( V; E) into a graph G0 =
(V 0; E0) is an edge preserving mapV ! V 0. In this case we also say thatG
is embeddableinto G0. A cubeH (X ) on a set X is a graph that has the set
of all �nite subsets of X as the set of vertices;f S; Tg is an edge ofH (X ) if
jS 4 Tj = 1. A graph is said to becubical if it is embeddable into a cube.

De�nition 4.2 Let G = ( F; E) be a connected subgraph of the cubeH (X )
on a setX with jX j � 2. A G-system onF is a pair (F; TG ) where TG is a
family of transformations de�ned by


 x : S 7! S
 x =

8
<

:
S [ f xg; if f S; S [ f xgg 2 E,

S; otherwise,
(4.1)

~
 x : S 7! S~
 x =

8
<

:
S n f xg; if f S; S n f xgg 2 E,

S; otherwise,
(4.2)

for all x 2 [ F n \ F.
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Example 4.1 Let X = f x; yg and G = ( F; E), where, F = 2X and

E = ff ? ; f xgg; ff xg; f x; ygg; ff yg; f x; yggg:

This G-system onF is isomorphic to the token system displayed in Figure 3.2
under isomorphism (�; � ) de�ned by

� (S) = ? ; � (T) = f xg; � (Q) = f x; yg; � (P) = f yg;
� (� ) = 
 x ; � (~� ) = ~
 x ; � (� ) = 
 y ; � (~� ) = ~
 y :

Note that ? 
 y = ? 6= f yg, that is, there is no concise message producingf yg
from ? (see Figure 4.1).

{x}

{x,y}{y}

Æ
gx

gx

gy

Fig. 4.1. The cube onX = f x; yg and a G-system onH (X ).

Theorem 4.1 A G-system onF is a token system and, for anyx 2 [ F n\ F,
the tokens
 x and ~
 x are mutual reverses.

Proof. We show �rst that the functions de�ned by (4.1) and (4.2) are tokens,
that is, they are distinct from the identity transformation � 0. Clearly, for any
x 2 [ F n \ F there are two setsS; T 2 F such that x =2 S and x 2 T. Since
G is a connected graph, there is a sequenceS0 = S; S1; : : : ; Sn = T of sets in
F such that f Si ; Si +1 g 2 E for 0 � i < n . Thus, jSi 4 Si +1 j = 1. Since x =2 S
and x 2 T, there is j such that x =2 Sj and x 2 Sj +1 , so, by (4.1),

Sj +1 = Sj [ f xg = Si 
 x :

It follows that 
 x 6= � 0 for any x 2 [ F n \ F. The case of functions de�ned
by (4.2) is treated similarly. It is clear that the tokens
 x and ~
 x are mutual
reverses. �

To show that G-systems are cubical, we begin with a simple observation. Let
S0 = S; S1; : : : ; Sn = T be a walk in G. For an edgef Si � 1; Si g, we denote
f x i g = Si � 1 4 Si , � i = 
 x i if Si = Si � 1 [ f x ig, and � i = ~
 x i , otherwise. Then
m = � 1 : : : � n is a stepwise e�ective message forS of the G-system (F; TG).
Conversely, a stepwise e�ective messagem = � 1 : : : � n of (F; TG ) producing a
state T from a stateS de�nes a walkWm in G with vertices Si = S�0� 1 : : : � n .
Thus there is a one-to-one correspondence between the stepwise e�ective mes-
sages of aG-system and the walks inG.

Theorem 4.2 A G-system onF is a cubical system on the set of statesF.
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Proof. Let (F; TG) be a G-system onF. Axiom [C1] holds trivially and [C2]
holds becauseG is a connected graph.

Let m = � 1 : : : � n be a stepwise e�ective message for a stateS. Suppose that
there are two consecutive occurrences of
 x in m , say, � i = 
 x and � j = 
 x

with i < j , such that there is no occurrence of ~
 x between� i and � j . Then
x 2 Si = S�0� 1 : : : � i which impliesx 2 Sj � 1, since ~
 x does not occur between� i

and � j . It follows that 
 x = � j is not e�ective for the state Sj � 1, a contradiction.
Thus occurrences of a token and its reverse must alternate inm , so [C4] holds
for (F; TG ). A minor modi�cation of this argument shows that [C3] also holds
for (F; TG). �

We will show in Section 6 (Theorem 6.1) that any cubical system is isomorphic
to a G-system. Thus,G-systems are `typical' instances of cubical systems.

5 Tokens and contents

Tokens of a cubical system share many properties with tokensof a medium
(cf. Lemmas 5.1 and 5.2 in [15]).

Lemma 5.1 The following statements hold for a cubical system(S; T):

(i) ~~� = � for any � 2 T.
(ii) For any two adjacent statesS and T there is a unique token producingT

from S.
(iii) If S, T, and P are three distinct states such thatS� = T and T � = P,

for some tokens� and � , then � 6= � and � 6= ~� .
(iv) No token can be a one-to-one function.

Proof. (i) By [C1], ~� exists, so~~� = � (cf. Remark 2.1).

(ii) Suppose that S� = S� = T. By [C1] and [C3], the message� ~� is well-
de�ned and vacuous, so� = ~~� = � .

(iii) Since � � is a stepwise e�ective message forS, we have� 6= � , by [C4]. If
� = ~� , then S = T ~� = P, a contradiction, sinceS 6= P and ~� is a function.

(iv) Since � is not the identity transformation, there are statesS and T such
that S� = T. By (iii), S� = T = T � , so � is not a one-to-one function. �

Remark 5.1 Property (ii) of Lemma 5.1 is a very strong property of tokens
of a cubical system. It asserts that two tokens� and � transforming some
state S into a di�erent state T are equal transformations, that is,V � = V �
for all V 2 S.
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Let � be a token of a medium. We de�ne

U� = f S 2 S j S� 6= Sg:

Note that U� 6= ? , since� is a token.

Lemma 5.2 Let (S; T) be a cubical systems. For any given� 2 T we have

(i) ( U� )� = U~� .
(ii) U� \ U~� = ? .
(iii) The restriction � jU �

is a bijection from U� onto U~� with � j � 1
U �

= ~� jU ~�
.

Proof. (i) We have

T 2 (U� )� , S� = T (S 6= T) , T ~� = S (S 6= T) , T 2 U~� :

(ii) If S 2 U� \ U~� , then there exist T 6= S such that S� = T, and V 6= S
such that S~� = V , so V � = S. By Lemma 5.1(ii) and Axiom [C1], V 6= T
contradicting Lemma 5.1(iii). It follows that U� \ U~� = ? .

(iii) follows immediately from (i) and (ii). �

De�nition 5.1 Let (S; T) be a cubical system. For any token� and any mes-
sagem , we de�ne #( �; m ) as the number of occurrences of� in m . For any
messagem , the content of m is the setC(m ) de�ned by

C(m ) = f � 2 T j #( �; m ) > #(~� ; m )g:

For any state S, the content bS of S is the union [ m C(m ) taken over the set
of all stepwise e�ective messages producing the stateS.

The two concepts of `content' are di�erent from their counterparts in media
theory. For instance, the content of a vacuous message of a cubical system is
empty, whereas it is not empty in media theory. However, the main results
of media theory concerning these concepts are valid for cubical systems. We
establish these results in a series of theorems in the rest ofthis section where
we assume that a cubical system (S; T) is given. Note that the results of
Theorems 5.2 and 5.4 are especially useful in the stochasticpart of cubical
systems theory (Section 8).

The following properties of the functions # andC are immediate and will be
used implicitly in this section:

#(~�; fm ) = #( �; m ); #(~� ; m ) = #( �; fm );
� 2 C(m ) , ~� 2 C( fm ); � 2 C(m ) ) ~� =2 C(m ):
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Lemma 5.3 If m is a stepwise e�ective message for some state, then

� 2 C(m ) , #( �; m ) = #(~� ; m ) + 1 : (5.1)

Therefore, for any � 2 T,

#( �; m ) � #(~�; m ) 2 f� 1; 0; 1g: (5.2)

Proof. By Axiom [C4] the occurrences of� and ~� in m alternate. Therefore,

� 2 C(m ) ) #( �; m ) > #(~�; m ) ) #( �; m ) = #(~�; m ) + 1 :

The converse implication in (5.1) is trivial. It is clear, that (5.2) follows from
the equivalence in (5.1). �

Lemma 5.4 The content of a state cannot contain both a token and its re-
verse.

Proof. Suppose that�; ~� 2 bS for some token� and some stateS. Then there
are two stepwise e�ective messagesm and n both producing S and such that
� 2 C(m ) and ~� 2 C(n ). Therefore,

#( �; m ) = #(~�; m ) + 1 and #(~� ; n ) = #( �; n ) + 1 :

It follows that

#( �; m en ) = #( �; m ) + #( �; en ) = #(~�; m ) + 1 + #(~� ; en ) + 1
= #(~�; m en ) + 2 ;

which contradicts Axiom [C4] sincem en is a stepwise e�ective message for
some state. ThereforebS cannot contain both � and ~� . �

Theorem 5.1 For any token � and any stateS of a cubical system, we have
either � 2 bS or ~� 2 bS (but not both).

Proof. Since� is a token, there are distinct statesV and W such that V � =
W. By Axiom [C2], there are stepwise e�ective messagesm and n such that
Vm = S and Wn = S. (If S equals eitherV or W, the corresponding message
is empty.) By Axiom [C3], the message� n fm is vacuous. Therefore,

#( �; � n fm ) = #(~�; � n fm ):

We have
#( �; � n fm ) = 1 + #( �; n ) + #(~�; m )

and
#(~�; � n fm ) = #(~�; n ) + #( �; m ):

10



From the last three displayed equations we obtain

[#( �; m ) � #(~�; m )] + [#(~�; n ) � #( �; n )] = 1 :

By (5.2), we must have either #(�; m ) � #(~� ; m ) = 1 or #(~�; n ) � #( �; n ) = 1
but not both. It follows that either � 2 C(m ) or ~� 2 C(n ). By Lemma 5.4,
either � 2 bS or ~� 2 bS. �

Theorem 5.2 If S and V are two distinct states, withSm = V for some
stepwise e�ective messagem , then bV n bS = C(m ). Therefore,

bS 4 bV = C(m ) + C( fm );

where+ stands for the disjoint union of two sets. In particular,

bS 4 bV = f �; ~� g;

if S� = V.

Proof. Let � be a token inC(m ). Then � 2 bV and ~� 2 C( fm ) implying that
~� 2 bS. By Lemma 5.4,� =2 bS. It follows that � 2 bV n bS. Thus C(m ) � bV n bS.

Suppose now that� 2 bV n bS, so� 2 bV and � =2 bS. There is a stepwise e�ective
messagen producing V and such that � 2 C(n ). By (5.1),

#( �; n ) � #(~� ; n ) = 1 : (5.3)

Since� =2 bS, we have� =2 C( fm ) which implies, by (5.1) and (5.2),

#( �; fm ) � #(~� ; fm ) 2 f� 1; 0g: (5.4)

The messagen fm is stepwise e�ective and produces the stateS. We have
� =2 C(n fm ), since� =2 bS. Therefore, by (5.1), (5.2) and (5.3),

1 > #( �; n fm ) � #(~�; n fm )
= [#( �; n ) + #( �; fm )] � [#(~� ; n ) + #(~� ( fm )]
= [#( � (n ) � #(~�; n )] + [#( �; fm ) � #(~� ; fm )]
= 1 + [#( �; fm ) � #(~� ; fm )]:

By (5.4), #(~�; fm ) � #( �; fm ) = 1, or, equivalently, #( �; m ) � #(~�; m ) = 1.
By (5.1), � 2 C(m ). Hence, bV n bS � C(m ). The result follows. �

Lemma 5.5 A stepwise e�ective messagem is closed if and only if

C(m ) = ? :

Proof. A closed stepwise e�ective messagem is vacuous by Axiom [C3]. By
(5.1), C(m ) = ? .
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Conversely, if C(m ) = ? for some stepwise e�ective messagem , then, by
Axiom [C4] and (5.1), m is vacuous. By Axiom [C3],m is closed. �

Theorem 5.3 For any two statesS and V we have

bS = bV , S = T:

Proof. Suppose that bS = bV and let m be a stepwise e�ective message pro-
ducing V from S. By Theorem 5.2,C(m ) = ? . By Lemma 5.5,m is a closed
message. Thus,S = V. The converse implication is trivial. �

Theorem 5.4 Let m and n be two stepwise e�ective messages transforming
some stateS. Then

Sm = Sn , C(m ) = C(n ):

Proof. Suppose thatSm = Sn = V. By Theorem 5.2,

C(m ) = bV n bS = C(n ):

Conversely, suppose thatC(m ) = C(n ) and let V = Sm and W = Sn . By
Theorem 5.2,

bV 4 bS = C(m ) + C( fm ) = C(n ) + C( en ) = cW 4 bS;

implying bV = cW. By Theorem 5.3,V = W. �

We conclude this section by comparing two concepts of contents with their
counterparts in media theory. The two statements of the nexttheorem assert
that: (a) the content of a concise message of a medium is the same as its
content in the medium, and (b) contents of the states of a medium are the
same as de�ned in media theory.

Theorem 5.5 (i) If m = � 1 : : : � n is a concise message of a medium, then

C(m ) = f � 1; : : : ; � ng:

(ii) For any state S of a medium, its content bS is the set of all tokens each of
which is contained in at least one concise message producingS.

Proof. As the �rst statement of the proposition is trivial, we proceed with
a proof of (ii). If � 2 C(m ) for some concise messagem producing S, then,
clearly, � 2 bS. Conversely, let� 2 bS and m be a stepwise e�ective message
producingS from some stateV and such that� 2 C(m ). By Axiom [Ma], there
is a concise messagen producing S from T. By (5.1), #( �; m ) = #(~� ; m )+1.
Therefore, by Axiom [Mb], � 2 C(n ). The result follows. �
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6 A representation theorem for cubical systems

De�nition 6.1 The graphG of a cubical system (S; T) has S as the set of its
vertices; two vertices are adjacent inG if the corresponding states are adjacent
in (S; T).

Theorem 6.1 Let (S; T) be a cubical system. There exists a connected sub-
graph G = ( F; E) of some cubeH (X ) such that (S; T) is isomorphic to the
G-system(F; TG ) on the family F.

Proof. By Axiom [C2], the graph G of the cubical system (S; T) is connected.
Let J = ff �; ~� gg� 2 T. Elements of J are called labels. By Lemma 5.1(ii), a
unique label is assigned to each edge ofG.

We begin by constructing the familyF.

Let S0 be a �xed state of the cubical system (S; T). By [C2], for any state
T 6= S0, there is a stepwise e�ective messagem such that S0m = T. We
denoteWm the walk in G produced by the messagem and de�ne a setJT by

JT = f j 2 J j the number of occurrences ofj in Wm is oddg:

By de�nition, JS0 = ? .

We need to show that the setsJT are well-de�ned. Suppose thatn is another
stepwise e�ective message producingT from S0. By Axiom [C3], the number
of occurrences ofj 2 J in the closed walkWm Wen is even. Hence, the number
of occurrences ofj in Wm is odd if and only if the number of its occurrences
in Wn is odd. Thus the setJT is well-de�ned and the assignmentT 7! JT

de�nes a mapping� : S ! P f (J ), where P f (J ) stands for the family of �nite
subsets ofJ .

Let us prove that � is a one-to-one mapping. LetJS = JT for some statesS
and T. By Axiom [C2] there are stepwise e�ective messagesm , n , and p such
that S0m = S, Sn = T, and Tp = S0, so Wm Wn Wp is a closed walk inG.
By Axiom [C3], any label j 2 J occurs an even number of times in this walk.
If j 2 JS = JT , then j occurs an odd number of times in each walksWm and
Wp . Hence,j occurs an even number of times inWn . If j =2 JS = JT , then j
occurs an even number of times in each walksWm and Wp . Hence,j occurs
an even number of times inWn . Thus any label occurs an even number of
times in Wn . By Axiom [C4], the messagen is vacuous, and, by Axiom [C3],
S = T. Hence,� is a one-to-one mapping.

We show now that� is an embedding ofG into the cube H (J ). The setsJS's
are vertices of the cubeH (J ). Let P and Q be two adjacent states of the
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cubical system (S; T), so P � = Q for some� 2 T, and let j = f �; ~� g be the
label of the edgef P; Qg in the graph G. By Axiom [C2], there are stepwise
e�ective messagesp and q producing statesP and Q, respectively, fromS0. By
Axiom [C3], j occurs an even number of times in the closed walkWpW� Weq.
It follows that the label j occurs an odd number of times either inWp or in
Wq, so j 2 JP 4 JQ . Any other label k occurs an even number of times in the
walk WepWq, so k =2 JP 4 JQ . Thus, JP 4 JQ = f j g, so f � (P); � (Q)g is an
edge ofH (J ). It follows that � de�nes an embedding of the graphG into the
cubeH (J ). In the rest of the proof we identify� (G) with G.

Let F = f JSgS2 S and (F; TG) be the correspondingG-system onF. (Clearly,
\ F = ? and [ F = J .) We prove that the cubical system (S; T) is isomorphic
to (F; TG).

Let P and Q be two adjacent states of the cubical system (S; T). Since� (P) =
JP and � (Q) = JQ are adjacent in the graphG, we haveJP 4 JQ = f j g for
some j 2 J , so we may assume thatJQ = JP + f j g. Since P and Q are
adjacent states, we haveP � = Q for some token� . Note that j = f �; ~� g. We
de�ne � (� ) = 
 j , � (~� ) = ~
 j and show that these assignments do not depend
on a particular choice ofP and Q with P � = Q. Let S and T be another pair
of adjacent states such thatS� = T, and let m and n be stepwise e�ective
messages producingQ from S0 and T from Q, respectively. By Axiom [C4],
there is an even number of occurrences of the labelj in the walk W� Wn W~�

connectingP with S, so there is an even number of occurrences ofj in Wn .
Sincej 2 JQ , there is an odd number of occurrences ofj in Wm . Therefore,
there is an odd number of occurrences ofj in the walk Wm Wn connecting
S0 with T, and an even number of occurrences ofj in the walk Wm Wn W~�

connectingS0 with S. It follows that j 2 JT nJS. Thus, JT = 
 j (JS) = JS+ f j g,
so � is well-de�ned. Moreover, the above arguments show that

P � = Q , � (P)� (� ) = � (Q);

for any P; Q 2 S and � 2 T. It is clear that � and � are bijections, so (�; � )
is an isomorphism from (S; T) onto (F; TG). �

Since cubical systems (S; T) and (F; TG ) of Theorem 6.1 are isomorphic, their
graphs are isomorphic to the graphG. The next result is obvious.

Theorem 6.2 The graph of a cubical system is cubical. Conversely, any cu-
bical graphG de�nes a cubical system (aG-system).
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7 Examples of cubical token systems

We begin by introducing a class of �niteG-systems that serves as a source of
our examples (cf. [2]).

De�nition 7.1 Let F be a family of subsets of a �nite setX with jFj � 2. A
setS 2 F is said to bedowngradableif there existsx 2 S such that Snf xg 2 F.
The family F itself is downgradableif all its nonminimal sets are downgradable.
Likewise, a setS 2 F is said to beupgradableif there exists x 2 X n S such
that S [ f xg 2 F. The family F itself is upgradableif all but its maximal
sets are upgradable. We say that the familyF is well-gradedif the induced
subgraphhFi of the cubeH (X ) is an isometric subgraph ofH (X ) (cf. [3]).

It is clear that any downgradable familyF of sets containing the empty set is
connected, that is, for any two distinct setsS; V 2 F there is a sequence of sets
S0 = S; S1; : : : ; Sn = V such that jSi 4 Si +1 j = 1. Likewise, any upgradable
family of subsets ofX containing the setX itself is connected. LetF be any of
such families. Then the induced subgraphhFi of the cubeH (X ) is connected
and therefore de�nes a cubical system (anhFi -system).

Example 7.1 Comparability Graphs. A simple �nite graph G = ( X; E ) is
called a comparability graph[9] if there exists a partial orderP on X such
that

f x; yg 2 E , (x; y) 2 P or (y; x) 2 P: (7.1)
We denote CGthe family of all comparability graphs on a �xed setX and
identify this family with the family of all sets of edges of these graphs. Clearly,
CGcontains the empty graph onX . It is known (see, for instance, [3]) that the
family PO of all partial orders on X is well-graded. As it can be easily seen
this fact implies that the family CGis downgradable and therefore de�nes a
cubical system.

Fig. 7.1. Two comparability graphs with 6 and 8 edges, respectively. The distance
between the two edge sets is 2. There is no comparability graph on distance 1 from
each of these two graphs. Thus the familyCGis not well-graded.

Note that the wellgradedness property of the familyPO does not imply that
CGis well-graded (see the graphs in Figure 7.1).

Example 7.2 Interval Graphs. Interval and indi�erence graphs [9] are com-
plements of comparability graphs arising from interval orders and semiorders,
respectively, via relation (7.1). As the families of all interval orders and all
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semiorders are well-graded [3] and both contain the empty relation, the re-
spective families of interval and indi�erence graphs are upgradable and both
contain the complete graph onX . Thus we can cast each of these two families
as a cubical system.

Note that the same result holds for any family of indi�erencegraphs associated
with partial orders satisfying so-called \distinguishingproperty" [13].

Example 7.3 Almost Connected Orders.An ac-order (almost connected or-
der) [2] is an asymmetric binary relationR on a setX satisfying the following
condition:

(x; y) 2 R and (y; z) 2 R ) (x; w) 2 R or (w; z) 2 R

for all x, y, z, w in X . It is shown in [2] that the family A of all ac-orders
on X is both downgradable and upgradable and connected. We conclude that
the family A can be cast as a cubical system. Note that Theorem 29 in [2]
asserts thatA is not well-graded ifjX j > 4.

Finally, we give two examples of an in�nite cubical system.

Example 7.4 Let Zn be the graph of then-dimensional integer latticeZn . It
is not di�cult to show that Zn is isometrically embeddable into some (in�nite)
cube. Thus any connected subgraphG of the graphZn is cubical and therefore
de�nes a G-system.

Example 7.5 Let G be the graph of the hexagonal lattice in the plane. A
fragment of this lattice is shown in Figure 7.2. This graph isisometrically
embeddable into the cubical latticeZ3 [1]. Thus G is the graph of an in�nite
medium (see [14]).

Fig. 7.2. The hexagonal lattice.

8 Stochastic cubical token systems

For basic de�nitions and results of Markov chain theory the reader is referred
to textbooks [8,11]. Following [6] we consider a discrete stochastic process
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arising when random events result in occurrences of tokens in a countable (or
�nite) cubical system (S; T).

De�nition 8.1 A quadruple (S; T; �; � ) is a probabilistic cubical token system
if the following three conditions hold:

(i) ( S; T) is a cubical system.
(ii) � : S 7! � (S) is a probability distribution (the initial distribution ) on S.

(iii) � : � 7! � � is a probability distribution on T with � � > 0 for all tokens�
in T.

Selecting an initial state according to the distribution� , and applying occur-
ring tokens �rst to the initial state and then to its images under successive
tokens, we obtain a Markov chain which we denote by (Sn ), where n is the
number of trials. The transition matrix P of this chain is given by the equa-
tions

p(S; V) =

8
<

:
� � if S� = V,

0 otherwise,
for V 6= S,

and
p(S; S) = 1 �

X

V 2 Snf Sg

p(S; V):

Note that 0 < p(S; S) < 1, since, by Axiom [C2], for any stateS of the cubical
system there is a token� which is e�ective for S with � � > 0.

The n-step transition probabilities are

p(n) (S; V) =
X

(Si )

Pr(Sn = Sn j Sn� 1 = Sn� 1; : : : ; S0 = S0)

=
X

(Si )

p(S0; S1)p(S1; S2) � � � p(Sn� 1; Sn);

where the sums are taken over alln-tuples of states (Si ) = ( S0; S1; : : : ; Sn)
with S0 = S and Sn = V.

It is clear that p(n) (S; S) > 0 for all n � 1, and that for any two statesS and
V there isn = n(S; V) � 1 such that p(n)(S; V) > 0. Therefore the chain (Sn )
is aperiodic and irreducible.

Consider the following properties of transition probabilities p(S; V):

(i) p(S; V) = p(V; S) = 0 or p(S; V) p(V; S) > 0 for all S; V 2 S.

(ii)
Q n

i =0 p(Si ; Si +1 ) =
Q n

i =0 p(Si +1 ; Si ) for any cycleS0; : : : ; Sn+1 = S0.

(Property (ii) follows from Axiom [C3].) These properties are properties (1)
and (2), respectively, in [18]. By applying Theorem 5.2, we reformulate the
theorem in [18] as follows.
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Theorem 8.1 Let S0 be a �xed state inS. The function

� (S) =
Y

� 2 bSnbS0

� �

� ~�

is an invariant measure satisfying the detailed balance equation

� (S)p(S; V) = � (V )p(V; S):

In particular, the chain (Sn ) is time reversible.

We de�ne

m(S) =
X

R2 S

Y

� 2 bRnbS

� �

� ~�
; (8.1)

assuming that
Q

� 2 ? (� � =� ~� ) = 1. Clearly,
P

S � (S) = m(S0). If m(S0) < 1 ,
then we can normalize measure� and obtain a stationary distribution

� (S) =
1

m(S0)
� (S)

satisfying the detailed balance equation. By this equationand Theorem 5.2,
we have

� (R) = � (S)
Y

� 2 bRnbS

� �

� ~�
:

Since� is a distribution, we obtain

1 =
X

R2 S

� (R) = � (S)m(S);

so m(S) < 1 and � (S) = 1
m(S) for all S 2 S.

The following theorem summarizes these properties of the chain (Sn).

Theorem 8.2 The chain (Sn ) is irreducible and aperiodic. If the series

m(S) =
X

R2 S

Y

� 2 bRnbS

� �

� ~�

converges for some stateS, it converges for all states. In this case the chain
(Sn ) is ergodic with a stationary distribution given by

� (S) =
1

m(S)
=

2

4
X

R2 S

Y

� 2 bRnbS

� �

� ~�

3

5

� 1

: (8.2)

The distribution � satis�es the detailed balance equation

� (S)p(S; V) = � (V)p(V; S):
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In particular, the chain (Sn ) is time reversible andm(S) is the mean recur-
rence time for the stateS.

Note that the condition m(S) < 1 is also necessary for the existence of a
stationary distribution � .

If S is a �nite set, then m(S) is a �nite function. It is easy to show that in
this case (8.2) can be written in the form (cf. [6])

� (S) =

Q
� 2 bS � �

P
R2 S

Q
� 2 bR � �

:

Example 8.1 Consider a token system (S; T) with the set of statesS = Z+

and tokens de�ned by

k� i =

8
<

:
k; if k 6= i � 1,

i; if k = i � 1,
k~� i =

8
<

:
k; if k 6= i ,

i � 1; if k = i ,
for i � 1.

It is easy to verify that (S; T) is a medium and that tokens� i and ~� i are
indeed reverses of each other. Let (S; T; �; � ) be a probabilistic token system.
We denote� i = � � i and ~� i = � ~� i . Suppose that� is an invariant distribution
for the Markov chain (Sn), that is, � P = � . A direct calculation shows that

� (n) = � (0)
nY

i =1

� i

~� i
:

Thus (Sn) has a stationary distribution if and only if (cf. [8, p.396])

X

n> 0

0

@
nY

i =1

� i

~� i

1

A < 1 ;

where the sum on the left side ism(0) (see (8.1)). The above series converges,
for instance, if

lim sup
� n

~� n
< 1:

9 Conclusion

We have investigated algebraic and stochastic properties of cubical systems
and shown that main results of media theory hold for cubical systems. The
relations between various families of transition systems on a given set of states
are indicated in the diagram shown below:
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Media  Cubical
Systems

  Token
Systems

Transition
  Systems

The structural properties of message and state contents (Theorem 5.2), to-
gether with the representation theorem (Theorem 6.1), reveal the binary na-
ture of states in both media and cubical systems theories, which is also demon-
strated by the `cubical' structure of the corresponding graphs (Theorem 6.2).
This characterization of states is crucial for the stochastic token theory (The-
orem 8.2). Because any subgraph of a cube is a disjoint union of connected
cubical graphs, it is appropriate to say that cubical systems represent the most
general case of token systems enjoying the binary structureof their states.

Our treatment of cubical systems as token systems rather than transition sys-
tems is motivated by examples in Section 7 and connections with media theory.
On the other hand, general methods of \concurrency" theory [19], and espe-
cially \geometric" models for concurrency [17,10] could bring new elements to
cubical token systems theory. In particular, a topologicalcubical complex can
be associated with a cubical system in a natural way. Such complexes were
used in the treatment of weak order families as media in [12,13].
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