MATH 710 — FALL 2009

HW #5

In all problems, f is a bounded measurable function, and E' is
a measurable set with mE < oo.

1. Let « > 0 and f > 0. Prove that

1
m({azEE:f(a:)Za})ga/Ef
2. Let f > 0and [, f=0. Show that f =0 a.e. on E.

3. Suppose that [ 1 f = 0 for any measurable subset A of E.
Show that f =0 a.e. on E.

4. Suppose that [ f = 0 for every ¢ € [a,b]. Prove that f =0
a.e. on [a,b|.
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1. Let @« > 0 and f > 0. Prove that

m({zpeE:f(zp)za})gl/Ef

o'
Solution. Let E, = {x € E : f(z) > a} and f4(x) = axg,(z). Since f > 0,
fa(z) < f(x) on the set E. Therefore,

a'mEa:/fag/f
E E
and the result follows.

2. Let f >0 and fEf = (0. Show that f =0 a.e. on FE.
Solution. We have

S|

{zeEB:fx)>0}=|J{zecE: fla)>

n=1

}

By the previous problem (for a = %), m{x € E: f(z) > %} = 0. Therefore, by
subadditivity of m, m{x € E: f(x) > 0} = 0. The result follows, since f > 0.

3. Suppose that [ 4 [ = 0 for any measurable subset A of E. Show that f =0 a.e.
on F.

Solution. Let
Ay={z € E: f(x)=0}, A, ={ze€E: f(xr) >0}, A_={zx € E: f(z) <0}

Thus, F is a disjoint union of measurable sets Ay, Ay, and A_. Suppose, say, that
mA_ > 0. Since fA, f=0and —f > 0on A_, we have, by the previous problem,
—f=0ae on A_, thatis f =0 a.e. on A_. Likewise, f =0 a.e. on Ay. The
result follows, because f =0 on Ag and F = AgU AL UA_.

4. Suppose that facf = 0 for every c € [a, b]. Prove that f =0 a.e. on [a, b].

Solution. Let us extend f to R by setting f(x) = 0 for ¢ [a,b]. Note that
S ;[ = 0 for any open interval I. (Prove it!) Therefore, fO f = 0 for any open
set O. Since f is bounded, |f| < M for some M > 0. Let A be a measurable
subset of [a, b]. By Proposition 3.15(ii) (proven in class), for a given £ > 0, there
is an open set O D A such that m(O ~ A) < ¢/M. Since [, f = 0, we have

fAf+fo~Af = 0. Therefore, | [, f| = |fO~Af| < fO~A|f| <M-5=¢ It
follows that [ 4J = 0. The result follows from the previous problem.



