MATH 710 — FALL 2011
EXAMINATION #1

1. Let A be a closed subset of [0, 1] such that m(A) = 1. Prove
that A = [0, 1].

2. Show that a set F is measurable if and only if for each

e > 0, there is a closed set I’ and an open set G for which
FCECGand m*(G\F)<e.

3. Prove that a function f on [a,b] is measurable if and only
if f~1(U) is measurable for any open set U C R.



MATH 710, Fall 2011, Exam #1, Solutions

1. Let a =inf A, b = sup A (cf. Theorem 1.15 and Definition 2.9). We have

1=m(A) <b—a,

which implies a = 0, b =1, because a > 0 and b < 1. The set B =[0,1]\ A
is open. If B # &, then m(B) > 0, which contradicts m(A) = 1.

. (Necessity.) Suppose E is measurable and let ¢ > 0. By Exercises 2.13
and 2.4, there are an open set G O E and a closed set F' C E such that

m(G) <m(E)+¢e/2 and m(F)>m(F)—e/2.
It follows that
m(G\F)=m(G)—m(F)<e/2+¢c/2=¢.

(Sufficiency.) Let E be a bounded set such that there are a closed set F' and
an open set G for which FF C E C G and m*(G \ F) < ¢, for every € > 0.
We have

m(F) = my(F) <m,(E) <m*(E) <m*(G) =m(G).
Because sets F', G, and G \ F' are measurable, we have
e>m " (G\F)=m(G\F)=m(G) —m(F).

Therefore, 0 < m*(E) — m4(E) < € for an arbitrary positive €. It follows
that m*(E) = m.(F), that is, E is measurable.

. (Necessity.) Let f be a measurable function on [a,b] and U be an open
subset of R. We have

U= U(ai, bi), where J is at most countable set.
iceJ
Therefore,
5wy = £ (i b)):
icJ
Each set f~!((aj, b;)) is measurable (cf. Theorem 2.48). Hence f~1(U) is
measurable.

(Sufficiency.) Since (¢, +00) is an open set for any real ¢, the set

{z € [a,b]: f(x) > c}

is measurable. Hence, f is measurable.



