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Abstract

We show that robustness against model misspecification can account for the
forward premium puzzle through a combination of an exchange rate model and a
robustness model under structured uncertainty. In equilibrium, optimizing agents,
who hold no misperception about the model, distort their forecasts to attain ro-
bustness against potential misspecification. This forecast distortion generates a
delayed overreaction of exchange rates to interest rate differential shocks that leads
to a negative unconditional correlation between exchange rate changes and inter-
est rate differentials, i.e., a negative Fama coefficient. Using change-of-measure
techniques, we derive the familiar uncovered interest rate parity condition—under
distorted expectations—and the Fama coefficient in closed-form. We calibrate our
model with empirical estimates of key parameters and are able to generate a neg-

ative Fama coefficient under sufficient uncertainty-aversion.
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1. Introduction

We show that a desire for robustness against a class of model misspecification accounts
for the forward premium puzzle (FPP) in its strong form—a negative Fama coefficient.
This important foreign exchange market anomaly implies that the domestic currency
tends to appreciate when domestic interest rates are higher than abroad. This pat-
tern generates predictable excess returns as investors can pocket both the interest rate
differential as well as the subsequent gains from appreciation.

Our analysis combines robustness and exchange rate models to generate a hump-
shaped forecast pattern that accounts for the FPP. The key variable is the differential
between the interest rates of two currencies. In our setup this differential is hit by tran-
sitory shocks as well as persistent, mean-reverting shocks. Agents do not observe these
shocks separately, and constantly try to determine their duration. They have a base-
line model of the differential that corresponds to the data generating process. However,
as in Hansen and Sargent (2007), agents fear that their model is misspecified. To be
robust against misspecification, agents overstate the relative importance of transitory
shocks; they then forecast exchange rates based on the distorted probability distribution
of the interest rate differential process. Given these robust forecasts, exchange rates are
determined by the familiar no-arbitrage condition, i.e., "robust uncovered interest rate
parity" holds. An implication of the equilibrium in this model is delayed overreaction
to news. When a shock hits, robust forecasts initially react less than baseline forecasts,
and subsequently will need to catch up before mean reverting. The interaction of this
hump-shaped forecast pattern and the gradual mean-reversion of interest rate differential
shocks generates a negative Fama coefficient because as the robust forecasts catch up, a
gradual exchange rate appreciation coexists with a positive interest rate differential.’

The guiding principle of our modeling strategy is to find conditions under which
robustness induces such a hump-shaped forecast pattern that is then carried over to
the equilibrium exchange rate. It turns out that simply invoking robustness against
any type of misspecification does not generate this hump-shaped pattern. In particular,

it is necessary to specify the aspects of the model that agents fear are misspecified.

'Tn the absence of fear of model misspecification this setup does not account for the forward premium
puzzle since rational agents cannot be systematically fooled.



This requires a more refined description of model uncertainty than that contained in
the so-called unstructured uncertainty. We refine the uncertainty set in several ways
so as to capture the different avenues in which the model can be misspecified. We also
derive Girsanov-like change-of-measure results that allow for a representation of the no-
arbitrage condition in terms of the familiar uncovered interest parity condition albeit
under distorted probability measures. This representation, in turn, leads to closed-form
solutions of the equilibrium exchange rate path and the Fama coefficient, and allows us
to establish a transparent link between classes of misspecification and the empirical FPP
literature, which is, to our knowledge, a novel contribution.

Our main result derives from the overstatement of the relative importance of tran-
sitory shocks, which is an outcome of the agent’s optimization problem given that she
fears misspecification in the equation that links noisy observations and the unobserv-
able persistent component of the interest rate differential. A negative Fama coefficient
arises under this “observational uncertainty” when the interest rate differential is highly
persistent and there is a high, but not too high, aversion to model misspecification, i.e.,
uncertainty-aversion. We find that empirical estimates of key parameters generate a
negative Fama coefficient provided there is enough uncertainty-aversion.

To give some intuition, consider the response to a one-time unexpected shock. Sup-
pose that dollar interest rates increase relative to euro interest rates and agents know
that there is a high probability this shock is persistent. In the absence of robustness,
since agents know the nature of the shock, arbitrage would force the dollar to appre-
ciate immediately relative to its long-run value, up to the point where its expected
depreciation equals the interest rate differential. The dollar would then gradually revert
to equilibrium as the differential vanishes. This is the overshooting or the "forward
premium effect" characterized by Dornbusch (1976). Next, for the sake of argument,
suppose that as a means to attain robustness, agents treat the shock as highly tran-
sitory.? The robust interest parity condition implies that at impact the dollar needs
only to appreciate moderately. In the following period, the dollar interest rate turns
out to be higher than the agents’ initial forecast. This leads agents to upwardly re-

vise their forecasts about the persistence of the original interest rate shock, triggering

2This extreme assumption is not necessary and is made only for the sake of clarity. Proposition 5.2
states the conditions for humped-shaped dynamics.



further appreciation of the dollar. This is the "catch-up effect." If the catch-up effect
dominates the forward premium effect, the initial appreciation of the dollar will be fol-
lowed by a subsequent gradual appreciation. Eventually, the exchange rate will revert
to a depreciating path and converge to its equilibrium value because the interest rate
differential is mean-reverting. The key point is that along this path, a positive interest
rate differential coexists with an expected appreciation. It turns out that the intuition
for this hump-shaped path conditional on a one-time shock carries over to a negative
Fama coefficient which reflects a negative unconditional correlation between interest rate
differential shocks and exchange rate changes.?

Next, we provide intuition for distorted forecasts as a means to attain robustness.
A robust strategy must work reasonably well within the uncertainty set regardless of
the actual data generating process. Thus, in designing her strategy, the agent asks, if
the model were misspecified, what would be the costliest direction in which things could
go wrong. She then weighs the benefits of dampening the effects of misspecification
in this costliest direction against the costs of moving away from optimality under the
baseline model. This trade-off is weighted by her degree of uncertainty aversion. In the
case of observational uncertainty, the costliest misspecifications occur when the agent’s
model incorrectly assigns a lower importance to transitory shocks than the importance
they actually have. Robustness thus implies an upward distortion of the importance of
transitory shocks, as measured by their variance. This distortion increases in the degree
of uncertainty aversion.?

What about other classes of misspecification? When there is structured uncertainty
about the unobservable persistent component of the interest rate differential (either
parametric or to the shock process), we find that robustness implies understating the
relative importance of transitory shocks. As a result, we cannot account for the FPP
—in fact, the Fama regression coefficient would be greater than one. We also consider

the unstructured uncertainty case, under which agents fear misspecification of the en-

3The conditional delayed overreaction —i.e., humped-shaped— response to an unanticipated interest
rate shock represents the existence of conditional momentum in exchange rates. In the international
finance literature it is known as delayed overshooting and has been documented by Eichenbaum and
Evans (1995)). It stands in contrast to Dornbusch’s (1976) overshooting path along which there is an
immediate appreciation followed by a gradual depreciation.

4The downside of robustness is that if misspecification were inexistent, the estimation of the persis-
tent component of the differential would be inefficiently slow.



tire interest rate differential process, but cannot pinpoint either its nature or location.
The result is surprising: robust forecasts are equal to the Bayesian forecasts under the
baseline model. Thus, the forecast-distortion mechanism underlying the FPP is not op-
erative. This is because the robust problem reduces to a standard Bayesian problem via
the Representation Lemma.

The forecast-distortion mechanism we model is consistent with several papers in the
international finance literature. Using survey data Frankel and Froot (1989) find that
exchange rate forecast distortions account for an important part of the FPP. Using
interest rate survey data Gourinchas and Tornell (2004) find that forecasts overstate the
relative importance of transitory shocks and show that the distortion is strong enough to
generate a negative Fama coefficient. Burnside, et. al. (2008) find that the carry-trade is
profitable and that the main part of its profitability does not reflect a compensation for
a large peso-problem or a risk premium. In our equilibrium, the type of misspecifications
that agents guard against do not involve a large peso-problem. In fact, when uncertainty
aversion is extreme, so that the distortion reflects the worst-case scenario, robustness
does not account for the FPP.

The structure of the paper is as follows. In Section 2, we present an intuitive overview.
In Section 3, we present the model. In Section 4, we derive the equilibrium exchange
rate. In Section 5, we characterize the conditions under which observation uncertainty
generates the anomalies. In Section 6, we consider other types of model uncertainty.
In Sections 7 and 8, we present a literature review and the conclusions, respectively.
Finally, the proofs can be found in the appendix at the end of this paper and in an

extended appendix found on our websites.

2. Overview

This section, presents a non-technical roadmap that connects our results with the inter-
national finance literature and can be skipped without loss of generality.

The FPP is a violation of the familiar uncovered interest parity condition. In prin-
ciple, one can account for this violation either via time-varying risk premia or via fore-
casting distortions. Here, we focus on the latter channel. We use an infinite horizon

overlapping generations model where the differential between the domestic and foreign



interest rate is the source of misspecification. The interest rate differential process, which
is given by (3.1), has a transitory component (v;) that dies out after one period, and a
persistent component (x;) that dies out only gradually. The investor, however, does not
observe them separately.

The agent has a baseline model that corresponds to the data generating process.
However, she fears misspecification in some parts of the model, which turns out to be
the driver in accounting for the FPP. If there was no fear of misspecification, the forecasts
would be generated by the Kalman filter and the FPP would not arise.

We derive several change-of-measure lemmas, analogous to the Girsanov theorem,
that allow us to represent the no-arbitrage condition in terms of a robust uncovered
interest parity condition: the log exchange rate e; satisfies EV (e;41) — e, = iy — z,{ + (-
Although this condition has the same form as in familiar international finance models,
there are important differences. Expectations EY (-) are taken under a robustly distorted
probability measure, and the premium (, reflects not only risk-aversion but also aversion
to model uncertainty.

The equilibrium exchange rate takes the familiar linear form (Proposition 4.3)

e = —(ir — i) —jil EY (ivry — ify;) + af.
The implication of this equation is that the domestic currency appreciates (ej goes
down) if there is an increase in current or forecasted interest rate differentials. The
summation can be solved in closed-form because in equilibrium the forecasts are given
by the sequence {a’2}" }, and the estimate of the persistent component of the differential
(29") can be computed recursively as a weighted average of the interest rate differential

observation and the prior (Lemma 4.2)
2 = K"y — ] + [1 — kel

The “gain” k%" is endogenously determined and captures the sensitivity of forecasts to
news. This gain is the critical determinant of whether or not hump-shaped dynamics
arise in equilibrium. We will see that the FPP can be accounted for only if the robust
forecasts are less sensitive to news than the Bayesian forecasts associated with the base-

line model, i.e. k¥ < kBescline In contrast, if k7 > kBeseline the forecast-distortion



mechanism cannot account for the FPP.

It turns out that generating a robust gain &% lower than kB®¢"¢ as the outcome of
agents’ optimization is not trivial. When we first tried to tackle this problem we found
that simply invoking robustness against any misspecification does not generate k% <
fBaseline  The need for refinement of the uncertainty set has lead us to consider three
different classes of misspecification of the process (3.1): uncertainty in the observation
equation, uncertainty in the persistent component of the differential, and the so called
unstructured uncertainty, under which agents fear misspecification of the entire interest
rate differential process but cannot pinpoint either its nature or location. We represent
these classes of model misspecification via sets of underlying probability measures.

The objective function trades off optimality, under the baseline model, versus ro-
bustness against model misspecification, as in Hansen et. al. (2006). It selects in a
pessimistic way the probability measure under which expectations are computed. To
avoid an extreme worst-case scenario outcome, it includes a penalty for deviations from
the baseline model —in addition to the standard primitive utility function. This penalty
is a proportion A of the distance between the baseline and the agent’s models, which is
captured by the relative entropy between the baseline probability measure and the ro-
bust measure used to compute expectations. The parameter A is key because 1/ indexes
the degree of uncertainty-aversion, which is distinct from the traditional risk-aversion.

For each type of misspecification, the results are derived in three steps. First, we
define a set of probability measures that captures that type of misspecification. Second,
for each set we establish a one-to-one relationship between sets of probability measures
and distortions of probability distributions via change-of-measure lemmas, which are
analogous to the Girsanov theorem. These lemmas allow us to convert the optimization
problem over unknown probability measures into an optimization over a parameter of
a pdf, which is much simpler and allows for closed-form solutions for the forecasts and
portfolio strategies. Third, we derive in closed-form the equilibrium exchange rate, the
slope coefficient of the Fama regression and the impulse response function to news.

Our main results are the following. First, the gain condition k%" < kBes¢li"e may arise
under observation uncertainty (Lemma 4.2), but not under the other types of uncertainty.
Second, the FPP (3™ < 1) obtains if and only if agents are both risk-averse and
uncertainty-averse; the strong FPP (7™ < 0) obtains if, in addition, the drift a in (3.1)



is high and uncertainty aversion 1/\ is high, but not excessive (Proposition 5.3). Third,
there is delayed overshooting —i.e., conditional momentum— under similar conditions
as those for 37*™* < (0 (Proposition 5.2). Fourth, if there is misspecification —either
additive or parametric- in the persistent component of (3.1), we find that k" > kBaseline
(Propositions 6.2 and 6.4). The resulting equilibrium exchange rate functions imply that
the forecast-distortion mechanism cannot generate 7™ less than one. Fifth, when
there is unstructured uncertainty, robust forecasts have the same sensitivity to news
than the Bayesian forecasts associated to the baseline model (Proposition 6.6). Thus,
the forecast-distortion mechanism underlying the anomalies is not operative. Lastly, we
do some simulations for the case of observational uncertainty, and find that empirical
estimates of key parameters in the model generate a negative Fama coefficient provided

there is enough uncertainty-aversion.

3. The Model

We consider a setup that incorporates robustness considerations into a minimal nominal
exchange rate model. There are two one-period bonds: a dollar bond that will pay exp(i;)
dollars next period and a euro bond that will pay exp(i{ ) euros. The source of model
misspecification is the interest rate differential. It has two components: observation
noise (v;) and an unobservable persistent component, that is stationary, and which we

will refer to as the trend ().

it — Z{ = Y =T + vy (31)
Ty = aTi_q + W1, x9=0, a€(0,1)

We allow for both risk and Knightian uncertainty. In the literature, risk refers to the
unique probability distribution of the relevant random variables —{w,} and {v;} in our
case, which agents either know or can learn. Knightian uncertainty refers to a potential
misspecification of the model.

Asin Hansen et. al. (2006), we introduce both dimensions of uncertainty by assuming
that the representative agent is endowed with a baseline model of the interest rate

differential. However, she fears model misspecification and takes the baseline model



simply as an approximation to the data-generating model. In order to measure the
distance between models in a simple way we represent model uncertainty in terms of
sets of underlying probability measures. To this end we will call ‘model 6’ a probability
measure ¢ defined on a measurable space (€2, B (€2)), where (2 is a compact metric space
and B () is the Borel o— algebra on the space 2. The agent is endowed with a baseline
model, which we will denote by #', but she takes #" simply as an approximation and
allows for the possibility that the true model @ lies in an uncertainty set ©7.

In order to obtain the standard Bayes estimator in the special case where agents do

not care about robustness, we impose the following condition.

Assumption 1. The baseline model §’ corresponds to the true data-generating process,
under which the interest rate differential follows (3.1) and the shock processes are

i.i.d. normal random variables

w X N(0,62), v L N(0,0%). (3.2)

The robust control literature considers two classes of model uncertainty: structured
and unstructured. The former specifies the location and nature of the misspecification.
In contrast, under unstructured uncertainty one does not have this refined information.
In Sections 4 and 5, we consider a structured uncertainty set that captures misspecifica-
tion in the observation equation, while keeping the rest of the interest rate differential
process (3.1) unchanged. In Section 6 we consider other types of uncertainty. The

observation-uncertainty set is given by

v do 1/1 1 [o2
O’ = {9 e P(Q): 7= &P (—5 (5—3 —g—%) (yt—xt)2> : 52 52 € w,00], w >O}
(3.3)
This is an infinitely large set of probability measures that is generated by letting the

parameter 52, in the Radon-Nikodim derivative, take on values on the extended positive

real line. The lower bound w is an arbitrarily small number®.

SWe set w instead of 0 as the lower bound for 42 so that the set ©V is closed. The Gilboa and
Schmeidler (1989) type of utility function that we use below requires a closed set of prior probability
measures.



There are overlapping generations of two-period lived investors that can take any
long and short positions in the dollar bond and the euro bond described above. A rep-
resentative young investor is willing to sacrifice profitability under the baseline model in
exchange for some degree of robustness against misspecification—within the uncertainty
set. To formalize this problem, as in Epstein and Schneider (2004), Gilboa and Schmei-
dler (1989) and Hansen, et. al. (2006), we consider a utility function that pessimistically

selects a robust probability measure from the uncertainty set ©/.

U, = ein@fv {Ef [—exp (= YWi1) + A - 3?(9||9’)]} , A>0,~v>0, (3.4)
M
where Wi 1 =, [(zt D et)] ,  e=log(F) (3.5)

E denotes the dollar-euro exchange rate, i.e., the number of dollars per euro; and b;
is the young agent’s position in the dollar bond. The bracketed term in W, is the
familiar excess rate of return of the carry trade: the dollar-euro interest rate differential
minus the dollar’s depreciation rate.’

The set © is a closed and convex set of probability measures and R (0||¢') is the

relative entropy of probability measure § with respect to the baseline measure ' :

Jolog (%) df if 6 is absolutely continuous w.r.t. ¢’

R(O/6') = (3.6)

00 otherwise.

The relative entropy can be thought of as the distance between the baseline model ¢’
and the alternative model 6.

We consider an equilibrium concept analogous to a rational expectations equilibrium,
in which the price reveals all the information available to agents. As is standard in the
asset pricing literature we endow the representative agent with a conjecture of the log

exchange rate function and a prior about the persistent component of the interest rate

6Consider a young representative investor that forms a zero-cost portfolio by taking a position by
in dollar bonds and a position —g—ft in euro bonds. Next period her payoff, in dollar terms, will be

exp(it)by — Egzl exp(i{ )b;. We show in the extended appendix that one obtains W;y; by taking the

Taylor expansion of this expression. The second order term is close to zero when i; and e;11 — e; + zf
are small, which is the case for monthly and quarterly data across the major currency pairs considered
in the literature.



differential. The agent’s conjecture is
¢ = o+ Byl + By (30— i) (3.7)

where {ay, 31, B} are undetermined coefficients and 27" = E*(z,) is the estimate, under
probability measure #,, of the mean of the interest rate differential’s persistent compo-
nent, conditional on the information available at time ¢ : I, = {y1, ..., ys, €1, ...€; }

At time t, the prior of the young t-agent is that z; ; is Normally distributed with

2,2 2\ ,2
2 (a O't_2+0'w)av

A9t_1 . _ 7 . . . .
mean 2, ; and variance o; ; = o ol 407 Given this prior and conjecture (3.7),

the young t-agent solves the following problem.

sup inf {Etet [— exp (_'YWtJrl(bt; €t egiqj)) A %(%H@')Ht} } s e =Ay, e, e}
beR 0t€07

(3.8)
That is, using the information I; the agent updates her estimate of z; and x,,; under the
robust probability measure 6, that solves (3.8), and chooses her portfolio b;. We will de-
note the solution to the representative agent’s problem (3.8) by b; (e, | oy, o7, B3, 53) -
Since young agents have measure one, b; is the aggregate demand for domestic bonds.

x 207

A “robust linear equilibrium” is an exchange rate function e; = of + [i2," +

B (it — z{ ) that is consistent with conjecture (3.7) and that clears the market, i.e.,

br (o, af, 55, B3) = bi.

3.1. Discussion of the Setup

In order to investigate how robustness accounts for the FPP, we need a tractable model
with a closed-form solution of the Fama regression coefficient. To this end we have
considered a minimal setup. One could think of other setups where the structure of the
economy is more complicated. However, we believe that considering a minimal model
that yields tractable solutions will allow us to better characterize the forecast-distortion
mechanism that generates the FPP.

The utility function given in (3.4) distinguishes risk aversion—parametrized by ~—
from uncertainty aversion, which is parametrized by 1/A. As we will show, both risk

aversion and uncertainty aversion are necessary to account for the anomalies.

"This formula comes from the Kalman filter under baseline measure 6.

10



To interpret utility function (3.4) we can think of nature as choosing the true prob-
ability measure 6 in a malevolent way, so as to minimize the agent’s utility.® Note,
however, that by increasing the distance between model § and the baseline model '
proxied by R(6]|6')nature incurs a penalty A - R(6]|¢'). The greater the uncertainty
aversion (1/)), the lower the penalty for deviating from the baseline model. In one
extreme, if 1/\ were zero, (3.4) would reduce to the familiar expected utility function
—E? exp (—yW,41) . In this case, the agent would not allow for model misspecification
because choosing any model 6 different from 6" would make (3.4) infinite. In the other
extreme, if 1/)\ were infinity, the agent would choose the worst case model among all pos-
sible models. This worst-case objective is too paranoid and leads to overly conservative
strategies. In these two extreme cases, A = {0, 00}, robustness against misspecification
does not generate the hump-shaped dynamics necessary for the FPP.

The inclusion of the relative entropy in the objective is frequently used in the litera-
ture on the theory of large deviations and information theory. We can think of relative
entropy as a distance between two probability measures on P (2), the set of all prob-
ability measures on ). It is always non-negative, and it is zero if and only if § = ¢'.°
Moreover, if we consider a new measure = 760 + (1 — 7) ¢, then R(n[|0') < R(0]|¢").*°

Gilboa and Schmeidler (1989) show that in the presence of Knightian uncertainty,
preferences can be represented by a utility function of the form: U = infycg u, where ©
is a closed and convex set of underlying probability measures and u is an affine function.
The objective function in (3.4) belongs to this class of functions because the sets ©7 of
probability measures that we consider are closed and convex under the weak* topology,
and the term in brackets is a standard expected utility function as —E? exp (—yW;,1) +
AR(0]10) = EY [ exp (—yWis1) + Alog(d/de)] .

We have considered two-period lived agents. If agents had infinite horizons, we could
not have a constant A\ as this would generate time inconsistency. Epstein and Schneider
(2003) extend to a multiperiod setup the framework of Gilboa and Schmeidler (1989),

and discuss the issues involved in considering long-lived agents.

8Obviously, nature does not care about our forecasts. This device is simply a useful way to induce
robustness.

9Define §'=0 if ' (A)=0 (A) for all A € B(Q).

10The relative entropy is not a metric on the space P(£2) because it does not satisfy the triangle
inequality.
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Although our agents’ baseline model corresponds to the data generating process,
when making portfolio decisions they do not estimate the state using this process because
of robustness considerations. Therefore, it would seem to an outside observer that our
agents refuse to learn the parameters of the data generating process.

Finally, the reader might recognize a discrepancy as we have described the intuition
in Section 2 via distortions of the gain k (equivalently, misspecifications to the probabil-
ity distributions of disturbances), while the objective function we consider is defined in
terms of underlying probability measures. This former representation is attractive be-
cause, arguably, distortions to means and variances of probability distributions can be
estimated by an econometrician, they are intuitive, and it is the way in which the empir-
ical evidence is presented in the literature. In contrast, underlying probability measures
are abstract, unobservable concepts. However, they are conceptually more convenient
because they allow us to treat different types of uncertainty in a unified framework as
well as define the agent’s objective concisely. We can do this translation because we es-
tablish a one-to-one mapping between probability measures and the gain k. For instance,
under observational uncertainty every probability measure 6 € ©V can be represented
in terms of a specific value of the variance of the observational noise, and there is a
one-to-one mapping between this variance and the gain k. An attractive property of the
uncertainty set ©V is that it captures observational uncertainty in a particularly useful

way that allows for the derivation of a tractable closed-form solution.

4. Derivation of the Equilibrium

We derive the equilibrium in two steps. First, we solve the agent’s problem (3.8) for a
given exchange rate e;. Then, we derive the exchange rate function that equilibrates the

market and that is consistent with the conjecture (3.7).

4.1. The Joint Forecasting-portfolio Problem

The investor’s problem (3.8) cannot be solved by applying the well known separation
principle under which the forecasts are derived using Bayes law, independently of port-
folio optimization. Instead, we need to consider a joint forecasting-portfolio problem.

We will solve this joint problem by treating it as a zero-sum game between the investor

12



and nature. The investor makes her estimate of the interest rate differential trend and
chooses her portfolio (b;) accounting for the strategy of nature. Conditional on the choice
of the investor nature chooses the probability measure 6, in a malevolent way.

This problem is rather complicated as the investor must optimize over a set of un-
known probability measures. We convert this problem into a parametric problem that
determines a variance distortion of a probability distribution rather than a robust prob-
ability measure. We do this transformation by deriving a change-of-measure lemma,
which is analogous to the Girsanov theorem.!! For a given random variable, the lemma:
(i) establishes a one-to-one mapping between the variance of the probability distribution
and the underlying probability measure; and (ii) provides a parametric formula for the

relative entropy R (6]]6") .2

Lemma 4.1 (Change of Measure I). If under baseline probability measure 6" the

random variables in the interest rate differential process (3.1) are distributed as z¢|I;—1 2

2
v

N (a#y_1,02), yi|xy 2 N (z4,02) and x; 4 LN (Z4-1,07_1), then for any probability

measure 0 € OY:

1. The distribution of the observation satisfies y;|x; LN (xt, 63), while the distribu-

tions of x4|I; 1 and x;_; are preserved.

2. The relative entropy of probability measure 6 with respect to the baseline 8 equals

(9||9):§ U—%—og o2 -1 or any 0 € © (4.1)
The first part of Lemma 4.1 says that if under baseline model ¢ the interest rate
differential process is given by (3.1), and random variables v; and w; are normally dis-

tributed as in (3.2), then under an alternative model § € ©V only the variance of the

' The Girsanov theorem applies to a change of drift. Here we are interested in a change of variance.

12 A random variable v is a measurable function that maps an abstract underlying measurable space
(2,7) to (R,B(R)), where B(R) is the Borel o-algebra. An underlying probability measure 6 on
(©,7) determines the probability of v belonging to a set A € B(R), which is defined by Pr(v € A) =
0 ({we:v(w)e€ A} €0 (v)). In our setup, there exists a one-to-one correspondence between the
probability distribution and the underlying measure on the space we consider for the following reasons.
First, the distribution function of random variable v is a non-decreasing function F : R — [0, 1] such
that Pr(ve A) = [, dF (z) for every set A € B(R). By definition the induced distribution function
F' is determined by the underlying probability measure € almost everywhere. Second, if we know
the distribution function of v, we can retrieve the underlying probability measure 6 with the formula
0 (B) = fv(B) dF (z), B € o (v) . This measure is unique except in sets with zero measure.

13



observation equation is altered from o2 to 62, while the rest of the process remains un-
changed. Equation (4.1) says that the relative entropy between measures 6 and 6’ is
zero when there is no variance distortion, and that it increases at an increasing rate as
the distortion grows in either direction. This equation will prove quite useful because it

defines the distance between models only in terms of the variance distortion.

Solution to the Investor’s Problem
Using the change-of-measure Lemma 4.1, we show in the appendix that problem (3.8)

is equivalent to the following problem.

. 0; <7bt)2 0, A 5-3,15 612;,t
max _ inf | —exp | =0 Byt (Jin) + 5 Vary (J1) | + 3 p — log p :

bteR 52 ,e(e,00
(4.9)

Jey1 = (1 — z{ ) — (€141 — €;) is the log excess return, Ef (Ji41) is the conditional mean

and Vft (Ji41) is the conditional variance of J;;; under probability measure 0, € ©V.
They are given by (8.1) in the appendix. The attractive property of (4.2) is that it
has converted an optimization problem over unknown probability measures to a much
simpler parametric one over the variance distortion 52 ,. The solution to this problem is

given by the following Lemma.

Lemma 4.2 (Solution to the Portfolio-Forecasting Problem). In the presence of
observational uncertainty, i.e., 0; € ©", Problem (4.2) has a solution only if uncertainty

aversion 1/\ is not greater than a threshold 1/)\; given by (8.4). In this case:

1. The estimate of the unobservable component of the interest rate differential is

given by the Kalman filter under the robust probability measure 6,

i, = B (we1) = adft,  with 2 = (1— k%) aqlty + k2 <it —if ) . (4.3)

2 2.2 2 2
4 L 975 . et — a Ut 1+U _ (a’ Ut—2+0w)av
The ‘gain’ of the filter k;* is k;' = P with 02 | = PErp——

The

2
v,t

distorted observational variance &7, is given by (8.5).

2. The robust forecast of the interest rate differential are less sensitive to news than

the baseline forecasts: k(d7,) < k(o?2) for any A € (\{, 00).
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3. The demand for the domestic bond is (Var{* (Ji11) below is given by (8.1))

b ( ~2 ) (it - Zg) - (Etatet+1 - et) (4 4)
€,0,4) = : .
P Tt v - Var} (Jit1)

4. There is no forecast distortion if either the primitive utility function is risk neutral

2

2 — o5 ify—0or X — oo.

or there is no aversion to uncertainty, i.e., &

The solution is quite intuitive. Part 1 says that the forecasts are given by the
celebrated Kalman filter, which gives a weight k7' to the current interest rate differential
and 1 — £ to the prior estimate. Part 2 implies that under observation uncertainty
the robust gain kf * must be smaller than the Bayesian gain associated with the baseline
model #'. This result holds because the variance of the observation noise is distorted
upwards under the robust probability measure 0,: 57, > 02.** As we will see, this forecast
distortion is the key to accounting for the anomalies. The form of the demand in part 3
is standard in the literature. The numerator is the expected excess rate of return, and
the denominator is the risk aversion coefficient times the variance of returns. A non-
standard aspect of the demand is that the moments of returns are computed under the
robust probability measure 6,, which need not be the same as the baseline measure ¢'.
Part 4 says that both risk aversion and uncertainty aversion are necessary for distorted
forecasts. In particular, a desire for robustness will not generate the FPP if agents have
a risk neutral primitive utility function. Finally, the lemma implies that in general the
effects of misspecification can be ameliorated though not entirely eliminated. This is
because for any degree of uncertainty aversion greater than 1/);, the game between
the agent and nature ceases to be convex, and so there is no solution to the portfolio-

forecasting problem.

4.2. Equilibrium Exchange Rate

Here, we compute the equilibrium. From the perspective of the FPP, the main question
is whether the distortion in the representative investor’s forecasts carries over to the

equilibrium exchange rate.

13The result &3@‘ > 02 means that the robust agent considers a probability density function for y;
with fatter tails, but the same mean, than the standard Normal. This result does not depend on the
particular value of the baseline variance o2.
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2

If we substitute the market clearing condition b;(ef, 5},

) = b} in the first order con-
dition for the holdings of the bond b;, we obtain the robust interest parity condition.
Namely, the depreciation rate expected by robust agents equals the interest rate differ-

ential (i, — i/ ) minus an uncertainty premium on domestic assets (¢,)

Ef(epn) —er = (in—il) =, (4.5)
0711 2
N P s [ ORG 27,07 ~ 2+ 2 2
where (, = b;Var,' (Ji41) = 7b; 1o +1) (a“k' 6% + oy +03%)

Notice that (4.5) has been characterized only in terms of the distorted variance 63’t. The
abstract robust probability measure #; does not enter (4.5) directly, but only through the
distorted variance 512},75. The reason for this simplicity is that there is a one-to-one map
between 612)7,5 and 0, established by Lemma 4.1. This transformation will prove useful
because it allows us to describe the robust interest parity condition simply in terms of
distorted variances, which can be linked to the empirical literature on the FPP.

To obtain the market clearing exchange rate, we substitute conjecture (3.7) in (4.5),
and impose the fixed point condition that the market clearing exchange rate equals the

conjecture.

Proposition 4.3. In a robust linear equilibrium, the log exchange rate is

* . . a 0% * * * 0F
€ = — <Zt - Z{) 1= & 4o, o =a b Var] (). (4.6)
The robust forecast of the interest rate differential :%fil = aﬁc? is given by the filter (4.3)

and the variance of returns Var?® (J,.1) is given by (8.1).

The exchange rate function (4.6) is intuitive. The first two terms imply that the
domestic currency appreciates (i.e., there is a fall in the number of Dollars per Euro) if
there is an increase in either the current interest rate differential (i; — Z{ ) or its forecasts
O a“cf_’m =32 aidlt = 1%&:?:? ). The third term o can be interpreted as the long-run
exchange rate.'*

For the purpose of accounting for the anomalies, the key aspect of (4.6) is that the

distortion of individual forecasts is carried over to the equilibrium exchange rate. This is

YIn order for o to be bounded it is necessary that limt_,oo'ybf‘/m’fz (Ji41) = 0.
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because the estimate of the unobservable trend (fcft ), that enters (4.6), is derived under

the robust probability measure 6}, not under the baseline measure 0.

4.3. Intuition for Distorted Forecasts: the Robustness Principle

This subsection, provides intuition for distorted forecasts as a means to attain robustness
and can be skipped without loss of continuity.

Why should robustness against observation uncertainty imply a forecast distortion?
There is, what we might term, a "robustness principle" at work. In designing her
strategy the agent asks: if things were to go wrong, what would be the costliest direction
in which they could go wrong? She then trades off the benefits of dampening the
effects of misspecification in this costliest direction, against the costs of moving away
from "optimality under the baseline model." This trade-off is weighted by the degree of
uncertainty aversion 1/\.

To determine the distortion that agents will introduce we need to apply this robust-
ness principle to a specific uncertainty set. If agents fear misspecification in the equation
that links observations and the unobservable trend of the interest rate differential, the
costliest misspecification occurs when the agent’s model incorrectly sets the observation
variance lower than what it actually is. Therefore, under observation uncertainty ro-
bustness entails distorting upwards the observation variance, which in turn implies less
sensitivity to news.

To illustrate the core of the mechanism that generates a lower sensitivity to news,
let us decouple the forecast problem from the portfolio problem. Consider a one-period
filtering problem where the observation is y = x+wv, the unobservable component follows
r = ac + w, the shocks w and v are independently distributed random variables with
variances d and o?, and var(c) = 0. In this example, the agent’s primitive objective is
to find an estimator & to minimize the mean squared error (MSE) of her state estimate
E’ (z — &)?. The solution to this filtering problem entails an estimator & of the form
& = ky + (1 — k) ac. Thus, the true mean squared error (MSE) equals E?(x — %)% =
k*- 0% + (1 — k)? - d.'"® Here, 0 is the probability measure that the agent chooses. If

the agent fears no model uncertainty, then § = ' and we obtain the celebrated Kalman

15We don’t include the term (1 — k)2a?var(c) because var(c) = 0.
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gain: k¥ = = fgz 16 If the agent fears misspecification of the observation equation (i.e.,

0 € ©Y), what gain k shall she choose? Since the misspecification is unknown, the
agent considers all potential misspecifications within the uncertainty set. This is why
the structure of the uncertainty is key. When 6§ € ©V, the agent can make two type
of errors. Error I occurs when she sets o too high and so chooses k lower that what it
should be under the true model. Error II occurs when she sets o too low. The agent
then asks, if things were to go wrong, which error is more costly? The key point is that
when 6 € ©Y) it is more harmful in terms of the MSE to mistakenly believe that o is low
than to mistakenly believe o is high.!'" Therefore, the robust agent focuses on the type
IT error and guards against the possibility of understating o leading her to set the gain
lower than the baseline gain k? so as to be robust against observational uncertainty.
The above argument explains why there is a lower sensitivity to news. But how
far shall a robust agent underreact? The answer depends on the penalty for deviat-
ing from the baseline X - %(6||0"). To see the intuition consider the case in which the
agent is infinitely uncertainty averse (A = 0), so her estimation objective is to minimize
supgegr B’ (r — )2, and suppose for a moment that o can take values only on [, 5]. In
4 < k. This way, she would bound the

d+6
maximum MSE regardless of the value of o and would actually attain the lowest upper

this case the agent would set the gain to k =

bound on the MSE.!® Notice, however, that the uncertainty set OV does not impose a
hard upper bound on o, and allows ¢ to take any value in the extended positive real
line. Thus, the simplistic worse-case analysis would lead the agent to guard against
o = oo and set k = 0. This belief is quite paranoid. The role of the cost - R(0]|¢') is to
dampen this paranoia. Instead of imposing hard bounds on o, we penalize the fictitious
malevolent nature for choosing a probability measure 6 different from the baseline ¢’

When 6 € ©V, this cost grows at an increasing rate as the distorted variance moves away

16In a Gaussian setup Bayes law leads to the same result.

1"Because the growth rate of the MSE is ¢MSE — }2 — (

do?
when a higher o2 is chosen. That is, for o1 < o2 , we have
less harmful to chose o5 rather than o;.
18To clarify the mechanics suppose for a moment that o is drawn from a pdf (o) with support [, 7).
The robust agent disregards the information contained in f(o) and sets k = #‘l&. Notice that even if
the baseline were & — ¢ and & were far away from ¢, the agent would choose k for any £ > 0. This is

because her objective is to bound the worst-case damage.

2
#‘;) , the MSE grows at a lower rate

dJZIGS;E (O’ ) > d%,%E

(02) . Therefore, it is
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in either direction from the baseline.'® Since the benefit to nature grows linearly at rate
k? in terms of a greater MSE, nature faces a concave objective and thus sets o at a
bounded level, but greater than its baseline which is determined by .

Lemma 4.2 considers a more complex problem where the forecast and portfolio prob-
lems must be solved jointly. However, the gist of the argument is the same as the one we
have used to illustrate the intuition. Although the formula for the variance distortion
&12)7,5 is more complex, it has the same two properties as the distortion ¢ in the simple
example above: 637t is greater than the baseline level and it is inversely related to the
degree of uncertainty aversion 1/\. In fact, 637t tends to infinity as A approaches the
lowest permissible bound A;. Notice that in general A\; cannot be zero and so absolute
robustness against observation uncertainty cannot be attained. This is because below

the threshold \! the objective function ceases to be convex in &2

».¢» and so the problem

has no solution.

5. Foreign Exchange Market Anomalies

There are two channels through which the equilibrium exchange rate (4.6) might generate
the FPP and hump-shaped dynamics: forecast-distortions and time-varying risk premia.
Here, we focus on the first channel and we shut off the latter channel. We find that when
there is no uncertainty aversion, forecasts are generated by Bayes law under the baseline
model, the Fama coefficient is one and there is no delayed overshooting. In contrast,
when uncertainty aversion is high, a negative Fama coefficient arises under observation
uncertainty provided the interest rate differential is highly persistent.

To concentrate on the forecast-distortion mechanism we consider the case where the
gain k; in (4.3) has converged and «; in (4.6) is deterministic. To do so we set the supply

of domestic bonds equal to a constant up to some time 7', where T can be very large.

We know from Lemma 4.1 that if § € ©V, the relative entropy equals R (6||¢') =

52 52 . an (0|6’ . . .
% (Z—% — log (Z—%) — 1) . Since % :%(1 — é), the growth rate of the relative entropy is increasing
2 2

v

o
~2
in the ratio Z—g Therefore, the punishment to nature increases at a faster rate as 512) moves further away
v

2

v

from o
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Assumption 2. The supply of domestic bonds follows

3 t<T
b = ) , 1 (5.1)
—bexp (T —1t)¢p,, te(T,00), ¢ = (Vt ‘ (Jt+1))

The next Lemma combines this assumption with the well known fact in the control
literature that the gain k¢ of the filter (4.3) converges rather fast if the underlying

coefficients (a,5?) are constant.

Lemma 5.1. If the bonds’ supply follows (5.1) and initial time is in the infinite past,
then on t € [0,T] the equilibrium exchange rate (4.6) has a deterministic o (given by

(8.10)), and a constant gain in 2", given by

2 2 2 2 2 2 222 252 52
_(O-w+0-v_a0v>+\/(gw+0_v_agv> +4a OwOy

2a2

2 % 2
0* a 5 +Uw
a2&* + 02 + 52

& =
(5.2)

* is a constant given by (8.7) and \”, the lower bound for ), is

The distorted variance

given by (8.4).

Figure 1 makes clear the dependence of k% on the degree of uncertainty aversion

(1/X). We can see that the higher uncertainty aversion (lower ), the higher the distorted

2

-, and the lower the robust gain

. . ~ * . .
observational variance 6> relative to the baseline o

relative to the baseline gain.

5.1. Delayed Overshooting (Conditional Momentum)

As a preliminary step in explaining the FPP, we investigate the conditions under which
the exchange rate exhibits a hump-shaped response conditional on the occurrence of a
once-and-for-all shock to the interest rate differential, i.e., the forward premium.?’ That
is, a positive forward premium shock generates an initial appreciation of the domestic
currency, which is followed by further appreciation for several periods afterwards before

reverting to a depreciating path. This “delayed overshooting” pattern, or conditional

20The covered interest parity condition implies that the interest rate differential equals the forward
premium: f; —e; = i — z{ , where f; is the log one period ahead forward exchange rate and e; is the
log spot exchange rate.
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momentum, is consistent with the FPP because there is a period during which an ex-
change rate appreciation coexists with a positive interest rate differential.?!

To compute the impulse response to a random forward premium shock, suppose that
at time ¢t = 1 the representative agent observes a forward premium realization y; = 1
and suppose no shocks occur afterwards. She knows that the forward premium shock is
generated by a combination of a transitory shock v; = k and a persistent shock wy = ¢
such that y; = ¢ + k = 1, but she does not observe the particular values of ¢ and k.

Since the data is generated by baseline model ', we define the ‘average’ impulse

response at time t to an initial y-shock as follows
eW=FE" (¢, (e, k) |yy—esne1, With & (e, k) =e; (g, k) — €:(0,0). (5.3)

The term é;(¢, k) is the response of the log exchange rate at time ¢ to an initial persistent
shock € and an initial transitory shock . That is, the time ¢ response to shock sequences
w® = {¢,0,...,0},,, and v* = {k,0,...,0},,, . We must consider the average response to
account for delayed overshooting and not just a response to a persistent shock because
the agent and the econometrician cannot condition on whether the shocks are transitory
or persistent.

Since in equilibrium the exchange rate and the forecasts are linear in the initial shocks
e and K, we can express the average impulse response (5.3) as a weighted average of the

responses to a persistent shock é;(e,0) and to a transitory shock é,(0, ) :

egv = qel ' ét(570) + [1 - qel] : ét(07 KJ)> q = (54)

Lemma 8.1 in the appendix shows that the weight ¢’ is the expected value under the
data generating model @ of the persistent shock e conditional on y; = 1. The greater ¢”,
the greater the share of persistent shocks in the data. As we can see, ¢” is decreasing
in %, the noise-to-signal ratio of the data generating model.

The next Proposition states the conditions under which the average impulse response

21This pattern stands in contrast to the overshooting pattern of Dornbusch (1976), and has been
found in the data by Eichenbaum and Evans (1995). Empirically, it is more difficult to find delayed
overshooting than the FPP. To identify delayed overshooting, it is necessary to determine when a shock
to the interest rate differential occurs, an event that is hard to single out in the data.
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appreciates at time ¢ = 1, and continues appreciating until some time 7 after which it
reverts back to its long run level. That is, whether there exists an integer 7 > 2, such
that ef” — ef”, < 0 for all integers ¢t € (1,7] and ef!; —ef” > 0 for all t > 7 + 1 impulse

response of the exchange rate to an interest rate differential shock at t = 1

Proposition 5.2 (Delayed Overshooting). In the robust equilibrium, the average

. 1-a(1-k%"
satisfies: e}’ — ey = —Q(T‘L) and fort > 1:

atfl

ey, — et = 4 [(kﬁa* - q0/> a(l—a(1-k")) (1- ke*)til +(1-a)¢”| (5.5)

i. There is delayed overshooting if the trend of the interest rate differential is highly
persistent (a is high), agents are risk-averse (y > 0) and uncertainty aversion
(1/A) is large, but smaller than 1/)\", so that the robust gain k% is positive and

lower than the share of persistence shocks in the data g7 .

ii. Delayed overshooting occurs up to a time 7, after which mean-reversion takes place.

Time 7 is the smallest integer that satisfies

log (¢”[2 —1]) —log ([1 — a(1 — k*)][¢" — k")
log (1 — )

r>14 (5.6)

To see the intuition recall that the exchange rate is a function of the estimate of the
hidden trend Z;, and that the response of Z; to forward premium news is determined
by the gain k" because ; = k% y; + (1 — k )az,_,. When a positive forward premium
shock occurs, the agent’s robust estimate initially reacts on average less to the news
because k” < k¥, and so the exchange rate does not appreciate much at t = 1. As a
result, forecasts will latter on have to catch up. This catch-up will be strong enough to
generate momentum in the exchange rate if persistent shocks are long lasting (a is high)
and sensitivity to news is low enough (k% < qal). If instead a were small, even persistent
shocks would disappear fast, so the initial small reaction would not lead to momentum. If
k% were not small enough, most of the reaction would occur initially, and so subsequent
forecast revisions would be very small and would be dominated by the inherent mean
reversion of the forward premium. In particular, it is necessary that k% < ¢”. Since

momentum cannot be generated from transitory shocks, the initial forecast reaction to

22



the shock (kg*) must be less than the expected value of the persistent shock ¢? .22
Robustness against observation uncertainty generates a lower gain k? by inducing
agents to distort upwards the variance of observation shocks relative to the data gener-

2%

> > ¢2). This variance distortion is in turn determined by the

ating process 6 (i.e., &
degree of uncertainty aversion 1/\. If there is no uncertainty aversion, 1/\ = 0, there is
no distortion as > must be equal to o2 and the robust gain %" must equal the baseline
Bayes gain k? . In this case there cannot be momentum because & is necessarily greater
than ¢”.2% In other words, rational agents with no fear of misspecification cannot sys-
tematically be fooled. In contrast, we can ensure that k%" < ¢? by letting A go towards
its lower bound A" because 6> — oo and so k’" — 0.

To illustrate the results in Proposition 5.2, Figure 2 exhibits the impulse response
functions to various shocks to the interest rate differential. As we can see, under the
baseline model the average impulse response function appreciates on impact and im-

mediately reverts to a depreciating path. In contrast, under the robust model there is

delayed overshooting as the exchange rate continues appreciating after the initial jump.

5.2. The Forward Premium Puzzle (FPP)

Consider the "Fama regression" e,1 — e; = a + 7 (i, — i/) + u,. Under the null of
uncovered interest parity and rational expectations the slope (Fama) coefficient Fama
is one. However, many empirical studies find that BFama < 1 (weak FPP) and often
BFama < 0 (strong FPP). The next proposition states the conditions under which the
forecast-distortion mechanism generates a theoretical 37*™ < 0, given that the interest
rate differential is generated by baseline model g, but agents use the robust model 6*

that solves their portfolio problem.

2The responsle to a purely transitory shock is é1(0,x) = —r — 7=k k for t = 1 and &(0,k) =
0" (10" t—

—%n for t > 2. This response does not exhibit delayed overshooting for any a € (0, 1). The

response to a purely persistent shock is é; (¢,0) = — ‘i:i (1 —a (1 — ke*)t) ¢ for t > 1. It follows that for

any k" € (0,1) there exists a sufficiently large a such that this response exhibits delayed overshooting.

For instance, es(e,0) < e1(¢,0) < eg provided a > 3 and k" € (2“_1_2a a3 2a-liy 4a_3) . Since this

interval converges to (0,1) as a — 1, it follows that for any K e (0,1) there exists a sufficiently large
a such that es(g,0) < ey (e, 0).

. . . , 2p% 2 /
23 A simple computation shows that k% = S . S q.
a?¢ +o3,+o3 1+
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Proposition 5.3 (Forward Premium Puzzle). Under observational uncertainty, the

Fama regression coefficient converges in plim to

(ke’ — k;o*) a (a (1+a)k? +(1 - a2)) <(1az<1k8'))1(1a2(1k9*)) + §—§>

(1—a?) % +1

ﬁFama —1—

(5.7)

1. Weak FPP. 3™ js Jess than one if and only if agents are both uncertainty-averse

and risk-averse, so that k¥ < k7.

2. Strong FPP. 7™ js negative if, in addition, the unobservable component of
the interest rate differential is highly persistent (i.e., a is large) and uncertainty

aversion (1/)) is large, but smaller than 1/\" (so that k" is strictly positive).

3. B cannot be negative if the drift a is small.

Part 1 says that if agents overstate the relative importance of transitory shocks, so
that k" < k% the asymptotic value of the Fama coefficient is strictly smaller than one
and the forward premium is a biased predictor of the future rate of depreciation. Part
2 states that the strong form of the FPP (negative 37“™) results if both persistence a

and undersensitivity to news k? — k%" are large. Part 3 says that 7™

can be negative
only if the trend of the interest rate differential is highly persistent.

Before we describe the intuition, we note that the FPP implies predictable excess
returns. To see this, notice that in our model “predictable excess returns under the data
generating model 6" equal the forward premium minus the expected—under the baseline

model-exchange rate depreciation
Af, =Y Efl(etﬂ ) (5.8)

where y; = iy — z{ . Using (4.5) to substitute for y;, we show in the appendix that in the

robust equilibrium

ak?
1—a

A = B () = B (2] [1 ¥ ] e (59)
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That is, under the data generating model ', predictable excess returns equal the ex-

24

pectational distortion plus the uncertainty premium.”* Let us now analyze the re-

= plimtﬂmw. Using (5.8) and (5.9) we obtain

var? (y:)

/ / .
Ef Aep1 =y — Af , which can be expressed as

gression coefficient ™

EflAetH =Y <1 + %) <k0[ - ke*) Yyita (1 + %) (ke, - ka*) (Ef; (@) — Etoll (%)) +G
(5.10)
The first term in (5.10) is the direct effect of the forward premium on average deprecia-
tion. The second term is the catch-up effect on average depreciation, and it is the source
of the FPP. The third term captures the effect of past forecast errors. The last term is
the uncertainty premium, which is constant in the equilibrium we are considering.
Consider an increase in y; and ignore the third term in (5.10) for a moment. Equa-
tion (5.10) shows that if forecasts are less sensitive to news than baseline forecasts (i.e.,
k" < kel), expected depreciation responds by less than the change in the forward pre-
mium. The result is a Fama coefficient being less than one, as stated in part 1 of
Proposition 5.3. To derive part 2 notice that if both the persistence parameter a and
the undersensitivity to news kel — k% are large, the catch-up effect in (5.10) captured
by <1 + %) (/{:91 — k9*> can dominate the direct effect of one. As a result, the initial
mispricing is so large that it requires the currency to appreciate further in the future.
When a is large, this future upward revision in beliefs will have a large effect on the
exchange rate because agents will expect high domestic interest rates to persist far into
the future. This mispricing results in an extreme scenario where a high domestic interest
rate coexists with an appreciating currency. Hence, under the data generating model @',
the forward premium and the expected depreciation tend to move in opposite directions
on average, generating a negative regression coefficient 3. Consider now the third
term in (5.10). Since the gain differential (k:ol — k%) is a positive constant, the sign of
the third term equals the sign of a (E{", (z;) — EY ; (2)) .?> Furthermore, since EY" | (z;)
reacts less to ;1 than Efil (x¢), and y,_1 is positively correlated with y;, it follows that

on average Efil (x;) is smaller(larger) than Efil (x;) when y; 1 is positive(negative).

24In contrast, condition (4.5) implies that predictable excess returns under the agents’ robust model
0" (ie., (iy —il) — B (er1 — 1)) e/qual simply the uncertainty premium ,.
% Notice that aE?" | (x;) and aE?_, (x;) are the estimates of y; at time ¢t — 1.
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Thus, B, (z;) — EY | (z,) and 3, are negatively correlated. Therefore, the error in past

Fama

forward premium estimates makes 3 smaller.

Fama s decreasing in a

To see the intuition for part 3, notice that the coefficient
because a more persistent trend implies that any forward premium expectational error
will lead to a more severe mispricing of the exchange rate. When a is small, the downward
bias in the robust gain (k%" < kzel) does not translate into a significant undersensitivity
of forecasts to interest rate news because persistent trend shocks become very similar to
transitory observation shocks.

Proposition 5.3 implies that the strong FPP does not arise in an environment where
agents are extremely uncertainty averse, so that they only guard against the worst-
case scenario. In this extreme case, robust agents set the variance distortion to infinity

(6% = o00), which leads them to set the robust gain to zero (k" = 0). A negative g™

requires a low, but strictly positive k%" .26
Figure 3 depicts the Fama coefficient for the case of a persistent interest rate differ-

, fF™m is decreasing in the degree of aversion (1/)), and it becomes

ential. As we can see
negative for high 1/\.

Finally, notice that in our robust equilibrium all deviations of 37" from one are
generated by the forecast-distortion mechanism because the uncertainty premium ¢, is

deterministic.?”

Stmulations
Four parameters in our model determine the sign of the Fama coefficient: the per-

sistence parameter a and the noise-to signal ratio 02/c? that characterize the data

(1—a?)§32L (1—ak9') +(1-a) (1+a(1—k9')) (1—a2 (1—k9/))71

2TTo see this decompose the realized log exchange rate change (Aeiy1 := erp1 — €) into its robust
forecast £/ (Aesy1) and a forecast error vy :

26When k" = 0, BF is positive: BF =

Aeryr = B (Aers1) + v, B (V1) = 0;

where we use the fact that the forecast error is zero under the robust measure 6. Using the above
equation and (4.5) we have that

cov?” (Aer i1, 1) . cov?” (i1, yr)  cov” (G un)

BFama _
var? (y,) var? (yt) var? (ye)

Since ¢, is deterministic, cov? (¢, ;) = 0.
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generating process (3.1), and the degrees of absolute risk-aversion () and uncertainty-
aversion (1/)\) that characterize the utility function (3.4). We use empirical estimates
found in the literature for (v, 02, 02, a) and pin down the values of A that generate a
negative slope coefficient in the Fama regression.

Gourinchas and Tornell (2004) consider an interest rate differential process similar to
the one in this paper. Using data on interest rate differentials and their forecasts for the
G7 countries, they find that the drift of the differential a is high both in the actual data
and the forecasts, but the noise-to signal ratio o2 /02 of the actual data is much lower
than that implicit in the forecasts. Their estimates of a range over the interval (0.95, 1)
and their estimates of 02/0?2 are near zero. Using the aggregate value of various risky
and risk-free assets in the US., Bodie et. al. (2008) find that a coefficient of absolute
risk-aversion «y of 2.6. According to Friend and Blume (1975) and Grossman and Shiller
(1981) ~ takes values on the interval [2,4]. In our baseline simulations we set 7 = 2.6,
a=10.99, 02 =1 and 02 = 100 (so that, as in the data, the noise-to-signal ratio of the
data generating process is close to zero: 02/02 = 0.01).

For each set of parameter values (v, 02, 02, a, \) we obtain the values of the distorted
variance 62* and the robust gain k%" that solve the system of equations (8.6)-(8.7) in the
appendix.”® We then compute the Fama coefficient using formula (5.7). Figure 4 sets
(v, 0%, 02) equal to their baseline values and pins down the region (a, \) that generates
a negative Fama coefficient. As we can see, consistent with Proposition 5.3, a negative
pFeme results only if both a and 1/ are large. Figure 5 shows the sensitivity to the
degree of risk-aversion by letting v range over the interval [2,4]. As we can see, the

Fama

lower v, the smaller the set of (a, \) pairs that generate negative 3 . This pattern

Fama cannot be negative if v = 0,

is consistent with the result in Proposition 5.3 that 3
regardless of the degree of uncertainty aversion.

As we noted earlier, a negative Fama coefficient is associated with a hump-shaped
response to a one-time interest rate differential shock of unknown duration (i.e., delayed
overshooting). Figure 6 exhibits the pairs (a,\) that generate delayed overshooting
paths of various lengths (five through twenty periods). In these simulations we set (-,
02, 02) equal to their baseline values and, for each pair (a,\), compute the number

of periods the exchange rate continues appreciating following a shock to the forward

28 Notice that for each set (v, 02, 02, a, \) there corresponds a unique pair (52%%, k7).
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premium of unknown duration (this number is given by formula (5.6)). As we can see,
the (a, \) regions over which there is delayed overshooting have the same shape as the

region that generates a negative Fama coefficient in Figure 4.

6. Other Types of Uncertainty

We have seen that structured uncertainty about the link between the observations of the
interest rate differential and its unobservable persistent component —i.e., the trend— can
generate both the FPP and delayed overshooting when the trend is highly persistent. In
this section we consider two other types of uncertainty: structured uncertainty about the
trend process x;, and unstructured uncertainty under which agents fear misspecification
of the entire interest rate differential process but cannot pinpoint either its nature or
location. In the first case we find that forecasts are more sensitive to news than baseline

forecasts, which leads to g™

> 1. In the second case, the result is surprising: robust
forecasts have the same sensitivity to news than the Bayesian forecasts under the base-
line model. Thus, the forecast-distortion mechanism underlying the anomalies is not

operative.

6.1. Structured Uncertainty in the Trend Equation

We consider two types of structured uncertainty in the trend equation (3.1): about the
shock process w; and about the parameter a. In each case, we follow the same steps as in
Section 4. First, we define the uncertainty set, and present the change of measure lemma
that links the set to a parameter distortion. Then we solve the investor’s problem, and
derive the equilibrium. The following uncertainty set captures misspecification in the

shock process of the trend equation (3.1)

do 1/1 1 2
Y = {9 eP(Q): 7 = eXP <—§ <6_2 - 0—2> (x4 —amt1)2) : U—“’,&?U € [w,00], w > 0}

(6.1)
The condition w > 0 ensures that set ©" is closed and convex. The next Lemma shows
that under any measure in the set ©", the interest rate differential process is given by
baseline model (3.1), except that the variance of trend shocks has a distorted value 2,

instead of the baseline o2
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Lemma 6.1 (Change of Measure II). If under the baseline probability measure ¢’
the random variables in (3.1) are distributed as x|I; 1 LN (a%i_1,02), ye|ms N (w4, 02)

o .
and ©y_1 ~ N (Z;,-1,07_,), then:

1. Under any probability measure 0 € ©", x|, 4 Y (aﬁct,l, 512,]), while the distri-

butions of y;|z; and x;_, are preserved.

2. The relative entropy of measure 0 with respect to baseline measure ' is

=2 =2
R0]10) = = (% — log Z—w — ) for any 6 € ©" (6.2)

As in Section 4, the representative investor solves Problem (3.8). The next proposi-
tion shows that the solution to this problem and the equilibrium are similar to the case

of observational uncertainty.

Proposition 6.2 (Equilibrium Under Trend-Shock Uncertainty). Under uncer-
tainty set ©" there exists a robust linear equilibrium if and only if the degree of uncer-

tainty aversion 1/ is lower than a threshold 1/\}" given by (8.18).

1. The log exchange rate is (Var, i (Jy+1) below is given by (8.17))

* . . a | p* " . . s N
€ == (Zt - z{) Tz al‘ft +ap, of =i, F AL Varl (J.1). (6.3)

2. The robust forecast of the interest rate differential is given by (4.3) with a gain

2 2 ~ 2%
a‘o;_;+ Ot

k) =
- 242 2 ~ 2%
a“o0y_ 4 + 0% + Uw,t

3. The trend-shock variance is necessarily distorted upwards (612”’} > o2) for any

v >0 and A > \}". Thus, the robust forecasts of the forward premium are more

2.2 2
a O’t71+o-'u

.. . oF /
sensitive to news than baseline forecasts: k,* > k:f = 5t
aco;_toy+oy,

This proposition shows that robustness against misspecification in the trend-shock
process generates a robust gain k:f * which is greater than the baseline gain. This is

because robustness leads agents to introduce an upward distortion in the variance of the
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trend-equation shock. From the perspective of the anomalies the bad news is that since
forecasts are more sensitive to news than baseline forecasts, the equilibrium exchange
rate generates neither the FPP nor delayed overshooting. To see this note that the
equilibrium exchange rate (6.3) has the same form as that under observational uncer-
tainty in (4.6). It follows from the formula of the Fama coefficient (5.7) that we cannot
account for the FPP if € ©". In fact, since the robust gain is strictly greater than the

baseline gain, the regression coefficient in the Fama regression 55"

would be greater
than one. Similarly, the average impulse response function (5.5) implies that if § € ©%,
there cannot be delayed overshooting. Following a positive forward premium shock the
exchange rate appreciates initially and immediately reverts to a depreciating path. To
see this note that (5.5) is strictly positive because ¢” is necessarily lower than k¢ for any
6 € ©v. That is, there is no delayed overshooting because the agents’ gain takes trend
shocks to be more abundant that what they actually are in the data.

The upward distortion in the variance of the trend shock follows from applying the
robustness principle to uncertainty set ©%. If agents fear misspecification in the equation
of the unobservable trend of the forward premium, the costliest misspecification occurs
when the agent’s model wrongly sets the variance of the trend shock lower than what
it actually is. Therefore, under trend equation uncertainty, robustness entails distorting
upwards the variance of trend shocks, which in turn implies more sensitivity to news.
To see the intuition consider a fictitious game between the agent and nature. The
agents tries to minimize the mean squared error (MSE) of her estimate, while nature
acts malevolently and tries to maximize it. Since the estimator takes the observer form
& = (1 —k)aé+ky, the MSE is E<®" (v — 2)? = a*(1 — k)%0% + (1 — k)%52 + k. We can
see that given the estimator (i.e., the gain k), nature can increase the MSE by choosing
a larger 62. To counteract this potential misspecification the robust estimator sets the
gain k greater than what Bayes law indicates. The degree of oversensitivity is determined
by the degree of aversion to model uncertainty 1/). The higher 1/, the greater 52 and
thus the greater kf i, This is because the higher 1/), the lower the penalization nature

suffers when it sets 62 farther away from its baseline level. This penalization is given
by A- R (0]/0) = (g—w —log & — 1) .
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6.2. Drift uncertainty

Here, we consider uncertainty about the drift of the unobservable trend of the forward
premium. In the agent’s baseline model the drift is a, but she fears that the true drift
is a + 9. We allow the misspecification § to take values on [—a,1 — a) so that the true
drift is mean reverting and non-negative: a + 6 € [0, 1). The following set of probability
measures captures such drift uncertainty, while keeping the rest of the interest rate

differential process unchanged.

do (xt,15)2 — 2w 10 (x4 — axy_q)
a — L — = — - - >
C) {QEQ 7 exp[ 202 , 0 €[—a,1—a), a>0

(6.4)
The next Lemma, which is a version of Girsanov’s Theorem, establishes a one-to-one

relationship between the set ©% and distortions to the drift.

Lemma 6.3 (Change of Measure III). If under the baseline probability measure ¢’
the random Variables in (3.1) are distributed as wx¢|l;—4 LN (aﬁvt_l,af_l), Ytz Z

N (24, 02) and m_1 ~ N(:Ct 1,02), then:

1. Under any probability measure 0 € ©%, x|l LN ((a+0) &_1,07_,), while the

distributions of y;|x; and x, 1 are preserved.
2. The relative entropy of measure 0 with respect to baseline measure 0’ is

162

RO = 55

—E(2?) for any 6 € ©¢ (6.5)
At time ¢, the representative young agent solves problem (3.8). Her conjecture of
next period’s exchange rate is (3.7), and her prior is that x; ; is normally distributed

2
. (a a't 2+a'w)0'

1 ; 2 A
and variance oy _; = 202,102 102 "

.0
with mean z,; The next proposition characterizes

the equilibrium.

Proposition 6.4 (Equilibrium Under Drift Uncertainty). Under uncertainty set
O there exists a robust linear equilibrium if and only if the degree of uncertainty aversion

1/ is lower than a threshold 1/ given by (8.21). In this equilibrium:
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1. The log exchange rate is (Var, i (Ju+1) below is given by (8.19)).

* . . a+ 5* ~0F * * * s 0y
€ == (Zt B Z{) B mwtt +top,  ap = agy FabVary (Ji) . (6.6)

2. The robust estimate of the persistent component of the interest rate differential is
"Gt _ 9; - f GI * Ae:—l
Bt o=k (—u )+ (1=K ) (a+67)3,, (6.7)
(a+0;)° 0, +03, ((a+0))° o} +03) 0

with k' = S and o} = e
(a+07) 07 1+ 0% +02 (a+0;) 07 1+ 0% +02

3. The drift distortion is necessarily positive: d; > 0. Thus, the robust forecasts of

. oy . 0y
the forward premium are more sensitive to news than baseline forecasts: k," >

This proposition says that in the presence of drift uncertainty, the forecasts are
more sensitive to news than baseline forecasts. This is because the gain is increasing
in the drift distortion §, which is positive in equilibrium. FEquation (6.6) shows that
this oversensitivity (k;' > k?) is carried over to the exchange rate. As a result the
forecast-distortion mechanism generates neither the FPP nor delayed overshooting.

To see the intuition for why the drift distortion § must be positive, consider a static
filtering problem in which the agent is confident about her model linking noisy observa-
tions and trend, but is uncertain about the drift of the unobservable trend component.
That is, let y = z+v and x = (a + 0) c+w, where ¢ ~ N ((a + ) ¢, 02) is the prior distri-
bution of z, and the disturbances follow distributions w ~ N (0,02) and v ~ N (0,02).
Then, the estimator of z given y is & = (a + J) (1 — k) ¢ + ky. Therefore, under drift
uncertainty the MSE is E%®"(z — £)? = (a +0)%(1 — k)?02 + (1 — k)?02 + k*02.%° Since
the true MSE is increasing in the true drift, and the true drift is restricted to be positive
and mean reverting (i.e., a + ¢ € [0,1)), the costliest misspecification occurs when the
agent’s model wrongly sets the drift lower than what it actually is. Therefore, if her
objective is to bound the effects of misspecification on the mean squared error of her

estimator, she should distort upwards the drift. This distortion implies more sensitivity

29To obtain the MSE notice that 2 —z = (a+6) (1 —k)é+ (k—1)(a+ ) c+ (k — 1) w + kv.
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to news. In other words, when she observes a large realization of the interest rate differ-
ential she should fear that it is more likely to come from a change in the trend than what
her baseline model implies. Thus, her best response is to put a higher weight on the
observations than the baseline weight. Hence, she is more sensitive to news. The degree

of oversensitivity depends on the value of the uncertainty aversion coefficient 1/\.

6.3. Unstructured Uncertainty

Under unstructured uncertainty the investor does not know the nature of the misspeci-
fication, and does not know whether it is located in the observation equation, or in the
trend equation or in both. Here, we define the unstructured uncertainty set as the set
of all probability measures on the measurable space (2, B (€2)) , where B () is the Borel
o—algebra.?’

0" = P(Q) = {0:B(Q) — [0,1] and 6(Q) = 1} (6.8)

This set allows for a truly worst-case scenario! Optimizing over the set ©" seems a
daunting task. Fortunately a result of the theory of large deviations—the Representation
Lemma of Dupuis and Ellis (1997)-implies that the problem of the investor simplifies
significantly.

Lemma 6.5 (Representation Lemma). Under unstructured uncertainty, the robust
forecasting-portfolio problem (3.4) reduces to the following Bayesian problem under the

unique baseline probability measure §'.

. , y 1
Eo= gt {7 o Wian) - RO = o { <o (7 exp (5 092 ) )}
(6.9)

This result is striking. It says that the robust agent’s problem reduces to an ex-
pected utility maximization problem under a unique probability measure. Moreover,
this unique probability measure is the baseline measure . This is a Bayesian problem,
similar to the ones considered in rational expectations models. Under the equivalent

representation the relative entropy disappears and infyep(q) E% (W) is replaced by

30The set of all probability measures on € is compact by Alaoglu’s theorem (Folland (2001), pp 169).
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the so called risk-sensitive utility function —\log (Ef' exp (—3u (Wi41))) . This func-
tion keeps the baseline probability measure unchanged and, because of the exponential
function, captures the desire for robustness by putting more weight on the tails of the
distribution. Hence a risk-sensitive agent is more concerned about tail events than a
typical risk-averse agent.

From the perspective of accounting for the exchange rate anomalies the bad news is
that in this problem the “separation principle” applies: Expectations can be computed
independently of the portfolio strategy. The investor forms her expectations using Bayes
law under the baseline probability measure 6" and based on these expectations she then
chooses her portfolio. This separation implies that the gain that will appear in the
equilibrium exchange rate function is the Bayesian gain 8 Thus, we will not get the
lower sensitivity of forecasts to news (k" < k%) that underpins the explanation for
delayed overshooting and for the forward premium puzzle in Propositions 5.2 and 5.3.

In order to derive the equilibrium we replace u(Wy;1) = —exp(—yW;41) in (6.9) and

reexpress problem I'; as follows
ry, = max {—)\log (Ef/ exp (—1 exp(—fymﬂ))) } & n%in {Efl exp (—1 exp(—’thH))} .

We show in the appendix that taking the first order condition for b;, using Stein’s Lemma
and the exchange rate conjecture (3.7), it follows that there is an interior solution for b;

only if returns satisfy the following condition:

Ef/(etJrl) — € — (Zt — Z{) + lt. (610)

Condition (6.10) is the well known uncovered interest parity condition plus a time-

varying uncertainty premium [;, which is given by

Var! (ep1) EY g (i) .
I, = U NG & B U where Jiq = (i — il ) — (ep41 — €1) 6.11
t T 1= (i =) = (e — e (6.11)
9(Jr1) = —exp (Vi Jrsr) exp (=3 exp (V0] Ji41)) 5 9 (Jewr) = [1 — 5 exp (YbeJi1)] V079 (Jisa)

Notice that when the risk-aversion coefficient v is large, ¢’ (J;11) is negative and thus
the uncertainty premium is large and positive. In contrast, in the risk-neutral case

(v = 0), the uncertainty premium becomes zero (because ¢’ (Ji11) = 0). This result
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implies that risk-neutrality combined with a desire for robustness against unstructured
uncertainty yields the same equilibrium as risk neutrality under no model uncertainty.
Finally, when there is no aversion to model uncertainty (i.e., 1/A goes to zero), the
uncertainty premium l, equals vb;Var? (e,1), which is the same as in a standard rational
expectations equilibrium.?!

From the uncovered interest parity condition (6.10) we can find the equilibrium.

Proposition 6.6 (Equilibrium). Under unstructured uncertainty, in a robust linear

equilibrium the log exchange rate is

. . a Ly * * *

ef:—(zt—1{>— 7+ af, g = o + 13,
1—a

where the estimate of the unobservable trend is given by the standard Kalman filter

under the unique baseline probability measure 0

2 2 2 2

N% o' ' o (- f 0 CZQO'?il +O'121) 9 (CL O-t—2+0-w) UU
T, = (1=K )az,_+k (1, —13 ), K = o, =

207 1+ 0% +02 TN a0}, 402 + 02

a0 Ow v t—2 w v

and I} is given by (6.11) evaluated at 3, = —1%, 3, = —1 and b, = b;.

Can the forecast-distortion mechanism generate the anomalies? The answer is no.
Since e} has the same linear form as (4.6), we know from (5.5) and (5.7) in Propositions
5.2 and 5.3 that the first two terms in e} : (i)do not generate momentum, and (ii)give

Fama _ 1 hecause the robust gain equals the baseline gain under no misspecifi-

rise to (8
cation k¢'. This implies that the forecast-distortion mechanism is not operational under

unstructured uncertainty.

7. Literature Review

Following Fama (1984) the FPP has been documented for many currency pairs and time
periods (Chinn (2006), Engel (1996) and Lewis (1995) survey the literature). Several
mechanisms have been proposed to account for the FPP. One group of papers concen-

trates on the risk premium (Alvarez, et. al. (2006), Bekaert (2006), Frankel and Engel

o’ 1
Ef 9 (Jip1) _ 'Yb%

31This is because limy_, oo B o)
t t+1
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(1984), Lusting and Verdelhan (2006), Nelson and Wu (1998)). A second group concen-
trates on expectational biases (Frankel and Froot (1989), Lewis (1989), Gourinchas and
Tornell (2004)). A third group considers a peso-problem (Kaminski (2003), Farhi and
Gabaix (2007)). A forth group looks at the microstructure of the trading mechanism
(Bacchetta and Van Wincoop (2006), Burnside et. al. (2007), Evans and Lyons (2002),
and Sarno, et. al. (2006)). Finally, Backus et. al. (2001) link the FPP to affine models
of the term structure. On the empirical front, Frankel and Froot (1989) find, using
exchange rate survey data, that expectational biases can better account for the FPP
than risk premia. Using interest rate survey data Gourinchas and Tornell (2004) find
that among G7 currencies forecasts of interest rate differentials overstate the relative
importance of transitory shocks and that the resulting hump-shaped forecast pattern
can account for the FPP. Our model has characterized conditions under which such a
forecast-distortion mechanism is the outcome of utility optimization. A delayed response
also arises in Bacchetta and Van Wincoop (2008) because transactions costs lead agents
to make infrequent portfolio decisions.

Burnside et. al. (2008) construct a hedged carry trade portfolio that exploits the
FPP and hedges against large adverse exchange rate changes by buying out-of-the-
money options. They find that this strategy is profitable, and that neither a large peso-
problem nor standard macroeconomic risk factors typically associated with risk premia
can account for the main part its returns. These findings are consistent with our model.
Although, in our setup robust agents can guard against many classes of misspecification,
like a large peso-problem, in the equilibrium that generates the FPP, agents do not
guard against such an extreme event. They guard only against misspecification in the
link between observations and the underlying return process, and robustness involves
only distorting second moments.

As in Hansen and Sargent (2007), we use robust control in formulating and solving
the agent’s problem. In particular, we focus on the robust filtering problem, and inves-
tigate when is it that it delivers the lower gain that is required for the hump-shaped
dynamics that underlie the FPP. Unfortunately, under unstructured uncertainty, the
robust filtering problem yields an estimator with the same gain as that of the baseline

Bayes estimator, and the Hy, filtering problem yields a larger gain (Basar and Bernhard
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(1995)).32 These results lead us to consider instead different types of structured un-
certainty, and determine conditions under which the robust filtering problem yields a
gain lower than the baseline gain. Then we ask when is it that this property is carried
over to the equilibrium exchange rate function in a setup where agents solve a joint
portfolio-filtering problem.

This paper is linked to several papers that have used robust control to analyze macro-
economic issues. Brock, et. al. (2007), Cogley and Sargent (2005) and Svensson and
Williams (2007) have addressed the issue of robust monetary policy design. Another
group of papers investigates whether robustness against model misspecification can shed
light on the fact that US monetary policy responses tend to be more cautious that those
implied by optimal policies. (Dennis (2007), Giannoni (2002), Kasa (2002), Onatski and
Stock (2002), Tetlow and von zur Muehlen (2006)). Like in this paper, whether robust
policy entails cautiousness or aggressiveness depends on the structure of the uncertainty
set. A third group studies asset pricing under aversion to model uncertainty (Bossaerts,
et al. (2004), Caggetti, et. al. (2002), Epstein and Wang (1994), Hansen, et. al. (1999),
Rigotti and Shannon (2005), and Tornell (2001)). Finally, several papers have analyzed
the long-run horizon link between exchange rates and fundamentals as well as their
expectations (e.g., Engel and West (2005) and Mark (1995)). Our forecast distortion
mechanism works at higher frequencies —a few quarters— and so can be considered as

complementary to these papers.

8. Conclusions

This paper brings together the robustness literature and the international finance lit-
erature in order to analyze the forward premium puzzle (FPP), a major anomaly in
foreign exchange markets. It characterizes conditions under which robustness against
model misspecification generates a negative Fama coefficient. Specifically, a desire for
robustness leads optimizing agents that hold no misperception to distort the probability
distribution of the data-generating process and to make forecasts of interest rate differ-

entials that exhibit delayed overreaction to news, i.e., a humped-shaped pattern. Thus,

32The H, filtering problem minimizes the mean-squared error attenuated by the cumulative energy
of the disturbances.
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when there is a positive shock to the interest rate differential, the currency does not
appreciate enough and therefore needs to catch up subsequently before mean reverting.
This delayed overreaction pattern generates a negative Fama coefficient because along
the catch-up phase there is a gradual appreciation of the currency alongside a positive
interest rate differential. Deriving the forecast distortion that underlies the FPP from an
optimizing-robust framework is our contribution to the international finance literature.

Surprisingly, robustness against unstructured uncertainty does not generate the low
gain that underlies the hump-shaped dynamics. In fact, under unstructured uncertainty,
the H..-filter has a greater gain relative to the case where the desire for robustness is
absent. We have found that in the standard robust filtering problem, the structure of
the uncertainty set is a determining factor of the sensitivity to news of the filter. The
search for a hump-shaped pattern has lead us to consider a robust filtering-portfolio
problem under several types of structured uncertainty. We have solved it with the aid of
Girsanov-like change of measure techniques that translate sets of probability measures
into parameter distortions and have allowed us to derive in close-form the forward looking
exchange rate and the Fama coefficient. To our knowledge, this constitutes a novel
contribution to the robustness literature.

We have found that the forecast-distortion mechanism generates a negative Fama
coefficient if there is structured uncertainty about the link between observations and the
persistent component of the interest rate differential process, provided there is enough
uncertainty aversion and the differential is highly persistent. In contrast, a negative
Fama coefficient arises neither under unstructured nor under structured uncertainty
about the persistent component of the differential, regardless of whether it is about a
parameter or about the shock process. These results are consistent with the finding in the
empirical literature that the FPP is less prevalent in high inflation environments than in
low inflation ones (e.g., Bansal and Dahlquist (2000)). In the former we should expect
that the major source of misspecification is the inflation process, and that nominal
interest rate differentials reflect mainly inflation differentials. If the inflation process
is persistent and uncertain, we should expect that uncertainty about the persistent
component of the nominal interest rate differential is a major source of model uncertainty:.
Our model would then predict that robust agents will use a higher gain in their forecasts,

thereby generating a larger Fama coefficient in high inflation environments than in low

38



inflation ones.

Finally, we would like to mention a few possible extensions. The delayed overreaction
that underlies our explanation for the FPP can be used to account for the event-based
momentum anomaly found in the finance literature. Since our forecast distortion mecha-
nism generates price changes in the same direction as the price change at the time of the
event, and our equilibrium has the same linear form as the standard rational expecta-
tions equilibrium price functions, such a link seems relatively straightforward. Another
extension would be to explain the existence of the carry trade, under which investors

borrow in low yielding currencies and invest in high yielding currencies.

Appendix

Proof of Lemma 4.1. We prove part 1 in three steps. First, we show that if |z,
follows a normal distribution N (z;,02) under the baseline model ', then under any
model 6 € OV we have that y;|z; LN (xt, &3) . Second, we show that x;|z; 1 and z;
have the same distribution under  as under ¢'. We start by computing the probability

distribution of y;|x; under probability measure 6.

o 1/1 1
Plc<sle) = [ o= [ Gar— [ exp(—— (T——) <yt—xt>2)-
{w<=) (<) 40 (<) 2\o, o2

o 1/1 1 ) o2 1 (y—=)"|
= 7ooeXp —5 ?—0—% (y—$t) : gmavexp _T?) Yy

= /z 1 exp _M dy
oo V275, 252 ’

The last equality shows that, conditional on x;, 3; follows N (xt, 512,) under measure 6.

Next, we compute the distribution function of x;|x;_; under 6

' do
P9 (It < Z|xt71) = E01{$t<z|$t71} = E9 1{$t<z|$t71}_d0/
d 1 /1 1 o2
0 9 :
= Plpengon (3 (3 7) ) |3
/ / 1 1 1 0—2
0 0 9 :
= Pl ow (5 (5 7) 1) |2

The last equality follows because random variables x; and vy are independent under ¢'.
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Notice that the second expectation in the last equality is equal to one because

p 1 1 1 o2 1 1 1 o2
0 2 v 2 v /
7 exp <‘5 Q‘z‘?z) ”t) \/&—z—/“p (‘5 (5—3‘0—9 ”t)\/ﬁ—z‘”

Therefore, we have that P? (z;, < z|7i-1) = E' Lz, <ofer 1) = B Linicaiwe 1y = P7 (34 < 2|421) -
This shows that z;|z;_; has the same distribution under 6 as under ¢'. Lastly, we use a

similar argument to show that x;_; has the same distribution under 6 as under ¢'.

do

/ : 1/1 1 o2
Pl(aey<z) = Bl <y =B 1{1t—1<z}w = E” 14,y exp <_§ (5_3 - 0_12;> Ug) a2

’ ’ 1 1 1 02 /
= E%1 nFlexp|—= (= — = |0 L =F" 1,
{zi<z} p 9 5_3 U% t 5_12} {zi<z}

To prove part 2 we derive the relative entropy.

RO)|0") = E’log (%) - (—% (ig - %) (g — 20)* + % (log (07) — log (53)))

0w Ty
R | ) 1 (52 a;
- -1 (? - 5) B () + 5 (l0g (02) ~ log (5%)) = 5 (; ~log (?) - 1)

Proof of Lemma 4.2. Notice that for a given probability measure 6; (or given the
distorted variance 512},75), the investor constructs her estimates of z; and x;,; using Bayes

. . . ~O¢_ . . .
law, given prior estimate #,';" and prior variance o? ;. These estimates are

22 2
a0y 1+ 0y,

"et _ 9t _ 9t ’\etfl 0,5 9t _
=B (1) = (1 — ki )axtfl + Ry, k= 5 2 5 | ~2
a“oy_ 4 + Ow + Jv,t

2 9 2\ =2 2 2 2\ ~2
I 0+ ~0¢ (CL 01 + Jw) Jv,t Ji 0t N ~0; 2 (CL 01 + Uw) Uv,t 2
x| Iy ~ Tyt T |Ly ~ azy', a + ol

2. 2 2 | ~2 2.2 2 o ~2
a0y + 0y + 04y a“0;_y + 0y + 04y

Expectations are computed conditional on the information set ;. Under probability
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measure 0; the excess rate of return (denoted by J;;1) is

Jipr = (i —1i]) = (epr1 — &) = —Qup1 — 5@?1? B (it+1 Zt+1> + e+ (ig — i)

= —Oyp1 — ( fiT) pratyt — ( f—tijrllﬁl + 52) (it+1 Zt+1) +ep + (ip — Zg)

To derive J;;; note that the t-agent uses her conjecture (3.7) to forecast next period’s
exchange rate: €7 = a1 —l—ﬁlzt By (it+1 —if +1) . Furthermore, the t-agent knows
that the agent at time ¢ + 1 will (i) use the same method to distort the probability
measure ;1 as the one used by the t—agent, and (ii) will forecast x;,; using Bayes law
under this 6, ,, with a given prior mean z%* and variance o2. The variance o2 follows the
Kalman filter equation under the baseline measure 0": 02 = %,
the estimate of hidden state by agent ¢+ 1. It follows that in J;; we can replace xfjjf by
ifff = (1 - k‘ffll) azl + kffll (itﬂ iy +1> Under probability measure 0; € 0V, J;14

is normally distributed with mean and variance

NI
where 7.} is

Ez?’5 (JtJrl) = (it - zf) - (Eftetﬂ - et) = Qi1 —Q (51 + 52) fft + e+ (it - Z{)

a’o?_ | +02) 57
Vtet (Jiy1) = ( fﬁl@ +52) <a2( E ) = +0120+5121,t (8.1)

2 +2 2 ~2
a“oy_4 + Ow + U’U,t

Next, note that problem (4.2) is equivalent to (3.8) because for any normally distributed
random variable z, EY (exp[—vz]) = exp (—vEe(z) + W72110”“9(,2)) . We solve problem
(4.2) by considering the investor as a Stackelberg leader, that takes into account the
strategy of nature: 512),t = s(by, e;). Nature then selects 63’1‘/ conditioning on the agent’s
choice of b;. Notice that 63, affects the investor’s payoff through its effect on Bl (Jp1)
and Var? (J,11) . The first order conditions (FOCs) are

or __hfovart g # (Ve Uh) a1 1Yo
85121,1% 2 a‘7v,t eXp(’)/th (Ji41)) 2

41



or

= (B o) 0V art ()

exp (MV@T? (Jt+1)) or davt
exp (B E () 052 db

= |- (e +a(Bi+ Bl + e+ (i —if ) )| =10V arf <Jm>} -
(vb)”
2

exp <—’ythft (Jiv1) + Var? (Jt+1)> =0 (8.3)

The second equality in (8.3) follows from the envelope theorem 5% 2 = 0. The sec-
ond order condition (SOC) for the investor’s problem is 0 > 6b2 Fbtbt(bt, oo, (by)) +
Oy, \0t t bt d Ou.t bt
ot (00 52,00 o4 T (0,65%,(00) - (52) 4 T (0,52, (00) - “2002
Notice that the total derlvatlve of nature’s first order conditlon Lsz, (b,52,(b)) = 0

y Yt

~2 Fcr
is Tz ydb + Dpe d6?, = 0. Thus, 50 = — 78" Combining this equation with

Jvt v,t

I'y,52, =52 3, the investor’s second order condition becomes
v, v,t

52T . L
b2 = Fbtbt (bt’ O—v,t<bt>> + Fbt&g’t (bt7 O-U7t(bt)) '
t

F~2 bt(bt, N%t(bt))
0 5' (bt7 vt(bt))

Lsz y(be, 57,4(be))
F-2 52 (bh&g,t(bt))

Uv,t v,t

sz 52, (be 054 (r)) = Ty, (b1, 55 ,(br)) <0

This condition is unambiguously satisfied because 0 > I'y,;, =

. 2 exp(& (vb1)? Vartt(Jt )
- [(—vEf (Jerr) + (F°be) Vary (Jen))” +~*Var{ <Jt+1>] B GE Oy The second-

order condition of nature’s problem is

2 2 0t 2 2
T () % e <8Va7“t (Jm)) L0 Varl (J,41)

o) 03, 9"

0 (Wbt)2 0 Al
cexp | =Y BVt (Jiy1) + 5 Vary (Jiz1) | + 3 G )2 >0
Ov,t

It holds holds if and only if A > A}, where A} is defined by

2 ( bt)2 0y
. (= > | (W0)? [ OVar? (Ji PVarl (Ji1) | P 5=Var (Jen)
e (03,1571%) : .

2 052, 0(52,)° exp (vth (J1+1))

The sign of A} equals the sign of the bracketed term. To derive this sign note that
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2 2

P*Vary (Jes1) [ 9t+1 } (“2‘75—1“71211) . 1 <8Var (Jt+1)>

D pum _— < . —_ —t
6<&12),t)2 2a bl 61 + ﬁ2 (azaf_l—l—agj-&-&%_’t)?‘ <0 Since 2 (/Vbt) 062,

> 0, this term has an ambiguous sign. Factoring [k:y10, + /62]2 out, we have that the
sign of the bracketed term in A} equals the sign of

O o o] (sl )2+1>22a2( (ot + 03)°

2 2.2 2 ~2 2.2 2 ~2 \3°
aco;_; +os + Oyt a0yt oy + vat)

It then follows that \! is positive if (yb;) is large enough, and negative (and not binding)
if (vb;)* is small. Therefore, the lower bound for A is

A{ = max{\;,0}. (8.4)

Now we have all the elements to characterize the solution to problem (4.2). The first

order condition for b; implies that

0 = — [&t+1+a(ﬁ1+ﬁ2)9ﬁft+€t+

(
B [Oétﬂ +a(By + Bs) iﬁt e (it B Z{)}
v - Var? (Jo41)

1t —z{)] b Var? (Ji41). Thus,

b (€t7 ~12;0t) =

Equation (4.4) for b, follows from this condition. The FOC for &3, implies that

11\ (3b)*dVarf (Jt+1)
2 ~2 _ A a~v,t

o o

1
( VB (Jia) + 5 (70)* Var{" (Jt+1)> >0
(8.5)
Since Var? (Jy1|l;) = [( ffllﬁl + 52)} <a2M + 02 + 07 t) , we have that

v v,t

a20?_ 402,452

o) (ot )] (o

(a20t2_1 + 012”)2
a%,t )2 +1] >0,

2.+2 2 ~2
a“0y_, + 0w + Uv,t

. . . ~ . . . a2027 —|—02 ’
which implies O'it > 02. Hence, we obtain the inequality k% = W:%J:ﬁt KO =
a’of ,+o,
a’o}_ o3+’

the observation variance is not distorted: 62, = o

Equation (8.5) also implies that if either A goes to infinity or v = 0, then

2
v

Proof of Proposition 4.3. In equilibrium, the market-clearing condition b;(e}) = b;
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implies €] = — (z’t —if ) +a (81 + B3) 20 +ai +b;Var!” (Ji41) . Equalizing coefficients

with conjecture (3.7) we obtain 87 = —7%&, 85 = —1, of = ajy; + 0 Var! (Ji41).

1—a’
Furthermore, all variables in )}, the lower bound for A, are evaluated at equilibrium
values.

Proof of Lemma 5.1. We use the standard result in the control literature that if

time starts in the infinite past, then 02 has converged to its steady-state value £* for any

(O’ +02—a?o )+\/ 02 402—a202)%+4a202 02
2a?

time t € 0,77, where £* = solves the steady-state

(azot 1+0 )a’
a202 1+02 +02

equation of O't2 Since the supply of bonds ¢ is a constant b on [0,77], i

equilibrium k%" and %" are jointly determined by the following system of equations

2% 2

o a*{* + ol
= -
a’* + 02 + 5

and (8.6)

]_ — * * 2 2*+0-
A(;—&%*) = [fyb(‘i’ijtl)/g@] .<a2a2€ ja2+~2*+1) (8.7)

)2 * 2 * * *
- exp <—(7;)) [% + 1] (a2k9 G2 402 + 52 )>

Therefore, Var?™ (Ji,1) is also constant for t € [0, T]: Var? (Ji1) = [“ke + 1} o* with

2 o & .
225:0—2“)02“ +02 +52 > . Next, we show that for any fixed T there exists a

finite o so that the exchange rate function does not explode. For t € 0,77,

o* =

1 k‘e* 2
Oy = Qg + ’)/b VCLT't (Jt—i—l) = 741 + '7 E b|: + 1:| P (88)
T—t  [ak® 77
= OéT+1+ ’)/b [a +1] q)*
2 1—a

We will prove that ap.; is finite so that a; does not explode. Notice that ar,; =

a4+ %7 Zf: T HVart (Jryiy1) - Letting j go to infinity, we have
1 o0
ary1 = Qo + 5'7 Z b}HVan (JT+¢+1) (89)
i=1

To find @, note that (8.8) implies oo = Qoo + limy_ o0 %ybfVarf* (Ji+1), and that the
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b$ process in (5.1) implies that for ¢ € (T, o0]
1, 1 - 1
Hm SybiVary (Ji) = lim oybexp (= (8 = T)) ¢ Vary (Jen) = lim orybexp (= (¢~ 1)) = 0.

Therefore, ., exists and is equal to a constant o, = ¢ € R. Plugging back into equation

(8.9), we have that

1 () s . 1 oo _ ) _
ars = c+ 5y ; by Var! (Jpiin) =c+ 37 ;bexp (—i) =c+ %VTI;(—I).

This proves that a7, = c+ %7%})(1) is finite. Hence, for any fixed 7" and t € [0, 7],

ajf can be expressed as

. +7 b +T_tl_) ak?
a) = c+ =
! 2T —exp(-1) 2 |

CL2 *+ 2\ ~2* o
- (féggigjwl(;g* +02w+03> and ¢ € R.

2
Tt 1] O < oo, with (8.10)

Furthermore, the lower bound for A is
A = Max{0, \*} (8.11)

where A" is A} in equation (8.4) evaluated at steady-state values.
Proof of Proposition 5.2. Let yo = 19 = 2% = 0 and recall that under the
data generating process ¢/, v, & N (0,02) and w; LN (0,02) for t = 1,2,.... Since in

equilibrium the exchange rate and the forecasts are linear in the initial shocks € and &,

the average impulse response (5.3) can be expressed as

e(tw — EQ’ (5|y1 — 1) e (570) + Eel (l{|y1 = 1) © €y (0, K) — € (0> 0)
= ¢" e (e,0) + [1—¢"] e (0,5) — e (0,0) (8.12)

The result E (¢|ly; = 1) = ¢” and E (k|y, = 1) = 1 — ¢”’is proven below in Lemma 8.1.
Next, we compute the impulse response to a transitory shock and to persistent shock
separately. Then we compute the impulse response to an average shock.

IRF to a transitory shock. If we condition on a transitory shock at time ¢t = 1, then
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v; = k and all other shocks are zero. It follows that the data generated are x; = 0 for all
t>1,y1 =k, and y, = 0, for all ¢ > 2. Plugging these data in filter (5.2), it follows that
the estimate of the unobservable trend at time t is #; = (a (1 — k)" k%" k. Plugging 7,

and 1; into the exchange rate function, we have that the IRF to a transitory shock is

0 t=0
é: (0,k) = ot — (1—1—%) kK t=1 (8.13)
t1.0% -~ *\t—1
a*_MK t>2

1—a

IRF to a persistent shock. If we condition on a persistent shock at time ¢ = 1, then
wo = ¢ and all other shocks are zero. It follows that the data generated are z, = a'~le
and y; = a'~'e for all t > 1. Plugging these data in filter (5.2), it follows that the
estimate of the unobservable trend at time ¢ is £; = a'~* <1 — (1 — ke*)t) e. Plugging 2,

and 7; into the exchange rate function, we have that the IRF to a persistent shock is

t—1

ét(e,o)za;‘—la (1—a(1—k9*)t)e, t>1 (8.14)

—a

IRF to an average shock. Substituting (8.13) and (8.14) in (8.12) we have that

o+
e’ = [a{— (1—1— fliaﬂ (1—q9l> + {Oz*— 1 ! (1—@(1—]59*))1 ¢ — o

—a
B ak? ak? 1 o o ak?
= —<1+1_a>+l1+1_a—1_a(1—a(1—k ))]q _—<1+1_a>

For t > 2, we have that

t—1

+1.0% . 0* t—1
e’ = [oz;—ak Gl ]<1—q0l>+[oz;—1a_a(1—a(1—k9*)t>]qal—og

l1—a
kT (k)T [t L1y O (i
- 1—a - 1—a( —a(l- ))_ 1—a ?

_ _atke* (1 . ke*)t—l at~1 (1 . (1 B kg*)t—1> qel _ at~1 [qo/ ‘o L0 — q9/
(

l1—a T 1-a
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Therefore, the IRF to a y-shock is given by

0 t=20

— _ k9"
G?U _ _1 a(liak ) F=1

— [ (=) T (0 =) 122

We obtain (5.5) in the Proposition by taking the first difference of this equation. Part
(i) follows directly from (5.5) because ef¥; — ef* < 0 if and only if &% < ¢”. Part (ii)

follows because there exists a unique time 7, such that mean-reversion occurs after 7

* * / * /1
e —et >0, fort>7 & [1-k" T 1-a(l—k)]¢" — k] < ¢ [5—1].

7 is the smallest integer greater or equal to 7*

=1 [mg (qe’% - 1]) —tog ([1 = a(1 = ¥")]l¢" — W})] [log (1= k)]

/

Lemma 8.1. Under the data generating process E? (s|ly; = 1) = - +02 T = ¢ .

Proof. Let wy = ¢ and v; = k, with € ~ (0,02) and kK ~ N (0,02), and consider
Yy =€+ kK a realization of a random variable with a distribution y;|e LN (e,02). If
prior distribution is e N (0,02), Bayes law implies that the posterior is

2
T

2 ~2"

el L N(m,n?), with m = (1 — h)mo + hyy, n* = (1 —h)n, h =
ng + oy,

2
Since mo = 0 and n3 = o2, it follows that E? (g],,—;) = agjfog Y1 =1 M% 7T

Derivation of (5.9). Given the exchange rate function e;,1 = ayyq — ﬁiﬁl — Ypi1
and updating formula i“f_?l = (1 — k;e*) ai’f* + k% 4,44, it follows that e, 1 = ayqq —
1“—2(1 (1 — ke*) 20 (k9 T+ 1) Yi+1. Conditioning on information /;, and taking expec-

tations under the robust measure 0%, as well as under the baseline ¢, we have

2

* a * ~AO* * a *
El (e141) = ouqr— 1 (1—&") 2l - (ka T—a " 1) E} (yes1)

—a

/ CL2 * A~ Q% * a /
Ef (ery1) = iy — 1—a (1 — K )x? - (ke 1—a + 1) E{ (Y111)
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Equation (5.9) follows from EY (y,11) = EY (24,1) and E? (1) = BV (2441)

* ’ / * a’ke*
N = El(e1) —er+C — B (€01 —€) = [Eto (Te41) — EY (%H)] {1 + = a} + G
% 9 ak”
= |:Et (It+1) — Et (xt+1):| l]. + 1 — a:| + Ct

Proof of Proposition 5.3. From the robust uncovered interest parity condition (4.5)
it follows that Ef*(AetH) =1y — (,;, where y; = iy — z{ . If we define the forecast error

as Uiy1 = Aepyr — B9 (Aeyyy), it follows that

COU&,(AetH, W) = COUO,(EE*<A€t+1) + U1, Ye) = CO’UOI((yt = ) + Vi1, )
= wvar’ (y,) + cov” (vega, i) (8.15)

The last step follows because the bond’s supply process (5.1) implies that the premium

¢, is deterministic (by Lemma 5.1), so cov? ((;, y;) = 0. Let’s develop cov? (v i1, u).

/

cov? (Ui, yi) = cov’ (Aepsy — BV (Nevr), y) = cov” (¢, — Ay, ) = —cov” (A, ye)
(8.16)
The second equality follows from (5.9): A; = [EY (Aesy1) — E? (Aeyi1)] + ¢, The third
equality follows because the premium (, is deterministic. Replacing (8.16) in (8.15) we

0’ /
get B =1 — lim,_,o %,A(;ty;) Notice that we can reexpress cov’ (A, y;) as

) , ’ % * a/
COUG (At>yt) — f COUG (Ef (It+1) - Ete (It—&-l)?yt)? 5 = (ke 1—a t 1)

/ Al ~A* / A/ ~D*
= ¢-co? <a (acf —xf),yt> = a¢ - cot’ <xf — 29 ,yt>

Here, we have used the fact that EY (v,,,) = ai? and EY (2,41) = ai? because

Efl (wy) = 0 and EY" (w;) = 0. Next, we compute cov? (27", y;) .

cov” (if*, y) = cov” (if*,xt) + k76 = co” (a(1- ke*) 2%+ kyy, ) + k" o

= a*(1- ke*) cov” (iteil, Ti-1) + K Var? () .
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Using the stationarity of cov? (&;,,) and the stationary value of Var? (z) = i

1—a
o 0 (0% kK 2 0+ 2
cov” (Z,y) = tlgilo cov” (27", y) = ey ke*)aw + k" o}
cov” <£0/ y) = lim cov” <x9 y) K ! o2 + k02
) = et (Eon) = e p ey e TR
Finally, by substituting back in 87*™ we obtain
U SN Y Vo
gFama _ 1 _ lim ag - cov (xt o w) _ 1 g™ (@y) —cov” (@,y)
t—00 var? (y;) lim; oo var? (y;)
Therefore, 7™ =1 — £ where K, := 1222 + 02, and
ak?” kY 1 K 1 g
K = 1 2 + (B =K o
! a(l—a+ ) 1—a21—a2(1—k9')g 1—a21—a2(1—k9) T
ak? 1 I K D
— 1 o _ 2 (kG . kﬁ ) 2
“(1—a+ ) - a2 (1—a2(1—k:6’) 1—a2(1—k9)>(ijr oy
ake* 1 ’ *
- 1 : — 0% o (/f‘9 Y )
“G—a ) a1 F)) (T—a2(T—47)"" %>

It follows that

K

ﬁ a (?kj + 1> ((1—a2( _ke'))l( (1—k9*))‘73} + U%) (ko' - k@*)

_.I_
a(a(l—i—a) B+ (1= a?) ( 1-a2(1-k7")) 1 (1-a2(1-k%%)) a%,) (ke _kg*)

1—a2)+1

Part 1 of Proposition 5.3 follows directly from the fact that for any a € (0,1) the sign
of K,(k) equals the sign of k% — k?". To prove part 2, we need to show that K /K, > 1

for some large a and that K;/Ks < 1 for some low a.

: R A A S k Oy _ 7204
llm—:2k(k'—k)< +—>:2{1—]_€—+/€/€'0_—2—k02 :
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where k and k¥ denote k%" and kY evaluated at a = 1 and kel = % and k" =
a“o“+oy,+o3

5 (O’ +o2—a’c )+\/ 02,+02—a202)? 4442020
= a2 )

a0 +0%U
a202402 +52%)

order condition (8.2). It follows from (8.2) that lim,_y» 6** = oo, where A" is the lowest
admissible bound for ), so that the SOC is satisfied. Since limy_,\» k" = 0 for all a, we
have that

and a * solves the first

where o

0 02

K ,2
Alir&lulg%?_2 1_E+0 kafv_o‘ag =2

2%

Since ¢* and k% are continuous functions of ), it follows that there is a &2* such

that limg; ﬁé > 1 for any 02*

> 6_3* . This proves part 2. To prove part 3 note that
%|a:0 = 0 and observe that % is continuous on a € (—1,1). Thus, there exists a
neighborhood r, = (—n,7) of a around zero, such that % < e << 1, whenever a € r,,
where ¢ is an arbitrary small number. In other words, when a € (0,7) , we always have
groms — 1 _ 1 5,

Proof of Lemma 6.1. This proof follows the same steps at those in the proof of Lemma
4.1 and can be found in the extended appendix in our websites.

Proof of Proposition 6.2. The proof is similar to that of Lemma 4.2 and can be found
in the extended appendix. The only difference with respect to the case of observational

uncertainty is that under an alternative model # € ©Y the variance of returns is not

given by (8.1), but by

2 2
Varl: (Jen) = [(Wi28,+5,) <a2(a YRR —i—awt). (8.17)

2 2
aat 1+ o35 +awt

In this case the second order condition for 67, holds if and only if A > A", where A{ is
defined by
AY =max {0, A"}, with (8.18)

2
A = (62 7b)2 (’th)2 avm‘t (Ji1) +82V@7"t (Ji11) ©Xp (Vf””t (Jt+1)(’th)2 /2)
p— w t .
' ! 2 agw,t 0 (520715)2 exp ('th (Jt+1))

Proof of Lemma 6.3. The proof is similar to that of Lemma 4.1 and can be found in
the extended appendix.

Proof of Proposition 6.4. The proof is similar to that of Lemma 4.2 and can be
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found in the extended appendix. In this case the variance of returns is

((a+ 5’02 |+ o) o? ) )

a+ ;) + 02 +o?
S P e e

VO (i) = (38, + ) (8.19)

The second order condition for d; holds if and only if A > A}, where A} is defined by

A =max {0, \;"},  where (8.20)

2 ar,t(J¢ 2 2Var’t (Ji1 :
A = ((th)t)ﬂ {(vb;) (& 83t<J)) o )]eXp< VBB (o) + SV ard ()
(8.21)
Proof of Lemma 6.5. We use a representation theorem in Dupuis and Ellis (1997)

to show that if #’ is the baseline model and 0 € ©%, then the agent’s problem simplifies
to the RHS in (6.9).

Lemma 8.2 (Variational Representation). Let (£2,Z) be a measurable space, and
let P(§2) denote the set of all probability measures defined on it. If f is a bounded
measurable function mapping from 2 into R, and 6 € P(RQ2), then; (a) the following

variational formula holds:

—log/ge_f(w)ﬁ(dw) mf { (]16) + /f } (8.22)

b) The infimum in (8.22) is uniquely achieved by a probability measure ~° which is
(b) quely y a p v ¥

absolutely continuous with respect to 6 and has the Radon-Nikodym derivative
LA 1

— =c

do Jo e/ ©0(dw)

Applying the above Lemma to our robust utility function, we have that
I'; = maxy, infoep(o {E (Wi1) + X - R(0]]0) } maxy, { Alog (Ea exp ( }\u(VVtH)))} .
Proof of (6.10). From the first order condition for b, we have

BY |~ Jresp (o () exp (—5 exp (s () )| =0

where J;1 = (it — z{ ) — (e441 — €;) . Next, we use Stein’s Lemma (see for example,

Casella and Berger [14] page 187), which states that for a normally distributed ran-
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dom variable X ~ N (u,0%), and a function ¢ (z) with E|¢ (X)| < oo, we have
Eg(X)(X —p)] = ¢2E¢' (X). Starting with the first order condition for b;, the con-

jecture implies that J;; has a conditional normal distribution

N <E1?, (('Lt - ZZ) — (er41 — 6t)> Var? <€t+1)> . Thus, let

1
g (Jey1) = —exp (vbeJiy1) exp <_X exp (VbtJtJrl))

The derivative of g (Ji1) is ¢ (Jip1) = [1— § exp (Y0 Jis1)] Yorg (Ji+1) - Tt follows that

the right hand side of the first order condition can be written as

Ef (Je419 (Jiv1)) = Ef (Jt+1 - Ete, (Je41) + Ete, (Jt+1)> 9 (Jiy1)

= E/ (Jt+1 ~ EY (Jt+1)) 9 (Jis1) + B (Je1) EY g (Ji41)

Applying Stein’s Lemma to the right side of the first order condition, we have that 0 =

/ ' / ' ar? o8 (T,
Var] (ei41) E¢' (Jes1)+EY (1) EY g (Ji11) - Therefore, B (= Jpp1) = = téffgl(?]i]1§J £

f f . . o’ o' 1
Hence, EY (—Ji1)—1; = 0or E? <et+1 — e+l — %) —1, = 0, where [, = Y% (;‘;;ziilg)(kﬂ)’
t

9 (Jer1) = —exp (YorJys) exp (—5 exp (YbeJi1)), and ¢ (Jipa) = [1— +exp (v0eJran) | Ybeg (Jiga) -
Thus,
l _ Varfl(et+1)Ef/ [(1—% exp(—vbt (et+1—et+i{—i)))vbt exp(—vbt (et+1—et+7j{—i)) exp(—% exp(—vbt (et+1—et+7j{—i)))]

t Ef/ [exp(—'ybt (et+1—et+i{—it)) exp(—% exp(—'ybt (et+1—et+i{—it)))] ’

Proof of Proposition 6.6. From the conjecture (3.7) e; = ay + 513 + 0, (it — z,{)

E} (e1+1) = aup1+ BE Ger + BB (it - Zf+1> = a1 + (By + By) B G4

= a1+ (B + By) Etel ((1 — ki) azy + Ky (it+1 - Z-1{+1)> = agp1 +a(By + Ba) T

In equilibrium, b, = b = b, and the exchange rate function must satisfy Efl <€t+1 —er+ z{ — it) —
[y = 0. Plugging e; and Efl (e441) into the exchange rate function, we have 0 = a1 —
oy — Lt [a (B, + By) — By] #— (By 4+ 1) (iy — i} ). Since the equation must hold for any
i, and 4, — il , it follows that a (8, + 85) — 3, = 0, By 4+1 =0, aysy — vy + 1, = 0. Hence,
the coefficients of the equilibrium exchange rate function are 5} = —3*-, 5 = —1, and

ap .y = af + 1, where [ is [, evaluated at (57, 53,0).
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Figure 1 The Robust Gain and the Robustness-induced Distorted Variance
T

T T 1 T T T T

0.95

09

0.85

08

0.75

Robust Gain k*

07

0.65

Baseline o? =1 081 Baseline k¥ =0.93019 1

0.55 1

I I I I 05 L L L L

0 10 20 30 40 50 ~o 10 20 30 40 50

Inverse of the uncertainty aversion- A

Note. This figure plots 2*and k?* solved from equations
8.6 and 8.7 by setting y=2.6, a=0.99,52 =1 and ¢;2=100.
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FIGURE 3 Value of the Slope Coeffcient in The Fama Reg
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Note. This figure plots the theoretical Fama coefficient
in equation (5.7) by setting y=2.6, a=0.99, o2 =1 and
02=100.
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Note. This figure plots the impulse responses to a transitory

shock (y+=k), to a persistence shock (y;=€) and to a shock of

unknown duration (y:=k+£=1) by setting y=2.6, a=0.99, 7,2
=1 and ¢2=100. Notice that the appreciation shows up as an

upward move in the graphs because we plot -log(E).

FIGURE 4 Region of Negative Fama Coefficient
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