A Geometric Introduction to Determinants

Consider two vectors in they -plane= < u;,us > andv= <wv;,v; > as
illustrated in Figure 1 below.
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Clearly, the aread of the parallelogram OACB is the productxOA h with
h = OBsirx . In other words4 = ||ul|||v|]] sin . In fact, there is an even easier formula for
A using only the componentsof and as follows:
PrOpOSition 1A= |U1U2 — U1UQ| .
Proof: A* = |[ul]*[|v|]* sifte = [Jull*||v][*(1 — co%a) = ul[*||v]]* — (uv)*
= (u? + u3) (v + v3) — (wrv1 + ugwo)?
= wiv? + uiva + usv? + udvi — uiv — uivi — 2u v usvy
= w33 + udvi — 2u v uovs = (u1vs — viun ). QED
Interestingly, the areal is given by the quantityv, — vius) Up to a sign . This
quantity which we will later call 42 x 2) "determinant" indeed changes sign when the
order ofu andv is reversed. We will symbolically represent this deternmi&otving
two vectors of two components, o2& 2 mathy)
Uy Uog
U1 ()
Not surprisingly given its geometric interpretation, if one of the two vectors is a
scalar multiple of the other, this determinant is nil. Moreover, if one multphe®f the
two vectors by a scalar , the whole determinant is multiplied by that same scalar (since

= U1V — V1 U9.




the corresponding ared  is multiplied by the scalar (in absolute value). Somewhat less

obvious, but extremely important, is the fact that if one adds a veetok z;, zo > to
u (for instance), one simply adds the determir‘%ﬁt zQ to Zl 22 . Geometrically,
1 2 1 2

one adds (or subtracts) the ata of the parallelogram buzld onv apdl to .

This approach to the area of a parallelogram can be generalized to the three
dimensional case. First, we look at two vecto®in  and extend the above formula for the
areaA of the parallelogram they determine. Then we consider the parallelepiped defined
by three vectors in space and calculate its volumienifas ways.

In R we haveu = < u;,us,u3 > and/= < v;,vs,v3 > . Figure 1 should
then involve a third axig and the picture would be seen in perspective. But the same
basic formulad = OA< h, with OA= |lu|| , B OBsin ,and GBJ|v| , holds. We then
have

PrOpOSition 2A = \/(Ugvg — UQU3)2 + (U1U3 — U1U3)2 + (u1v2 — U1UQ)2

Proof: Proceed exactly as in Proposition 1 (the algebra is slightly longer and
involves the third components).

Note that when all third components are zero, the above formula reduces to that of
Proposition 1. However, this new formula looks very much like the norm (length) of a
vector, namely:

< (UQvg — UgUg), (U1U3 — ulvg), (u1v2 — U1UQ) >

This vector will be called theross producofu andv and will be denotadx v
It has interesting properties:

1) Recall that the dot product of two perpendicular vectors is nil. One easily finds
thatu (ux v) =0 andv (uxv)=0 . So, unless any of these vectors is nil, the cross
productu x v is perpendicular to both and . Therefore, it is perpendicular to the plane
spanned by and (provided that plane is well defined, see 2).

2) There are three possible ways in which the cross product is the @ector
Eitheru=0, orv=0,o0mn and are collinear. Indeed, since the lengihof is the
areaA , the only way that area is nil is when either side OA or OB is nil or when the angle
a is nil or flat (is equal t® ofr ). These three cases are those where there is no plane
spanned by and

3) If one exchanges the orderwf and , the cross product components all change
sign. Therefory x u= —uxv .

This brings us to the case of three vectors and the issue of calculating the volume
of the parallelepiped they determine. Consider Figure 2 below, which is just Figure 1 with
an added vectow represented by the segment OD and the parallelepiped with vertices
0,A,B,C,D,F,G, and H (not visible).
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The height k is parallel to the vectarx v and therefore perpendicular to the
plane of the parallelogram OACB. However, the new veator need not be such. So it
makes an angl@ with the perpendiculax v . It is therefore clear that k| @D cos
(the absolute value accounts for the case witere is greater;than ). But then, by
elementary geometry, the voluie  of the parallelepiped is thedarea  multiplied by k. Put
another way, it igu x v|| multiplied bijw||| cB5 .

ThusV = ||u x v||||w||| cog| . But this is simply the absolute value of the dot
product(u x v).w which is called the "triple product" of the three vectors , wand
This triple product has interesting properties:

By direct calculation:

(U X V).W = (UQvg - UgUg)wl + (U1U3 - ulvg)wg + (u1v2 - U1UQ)UJ3.

One also verifies (by exchanging the vectors in the geometric argument) that:

(UxV)w=u.(vxw)=

= U (Ugﬂ)g — UJQvg) + uz(wlvg — UﬂUg) + U3(U1UJ2 — wlvg).

Any exchange of any two of the vectors results in a change of sign of the triple
product. Evidently, it is nil whenever eitherv, ,wr , is nil, or when the cross product
u x vis nil (meaningu ang are collinear), or wiven  makes an gngle€ uwath
(meaning it is in the plane determineddy and ). This triple product is also called a
(3 x 3) "determinant” in what follows.

We will symbolically represent this determinant (involving three vectors of three
components, or & x 3 matrix) as follows:



Uy U2  Us
(U X V).W = V9 V3
wp Wy Wz
Just like in the previous (2 2) determinant, if one multiplies one of the vectors by
a scalarc , the determinant is correspondingly multiplied by . And if one adds a vector
21 z9 23
Z= < z,%,23 > to (say) vectoru , the determinafg x v).w=|v;, ©v2 3 is
wp Wy Wz
added to(u x v).w . Geometrically this means that the volubhe of the parallelepiped
built onz,v, andwv , is added to (or subtracted frdm)
We will say that determinants dieear  in their rows.
There is an interesting property relating {Be< 2) and2he 3) determinants.
One can see that:
U U9 Uus
U1 () V3 | = Uy
wp Wy Wz

Vo2 U3
wy Ws

(%1

U1 U2
2
w; wWs

3w1 C%

In other words, a(3 x3) determinant can be "reduced to" tligee 2)
determinants by working through the first row and alternating the signs.

More generally, we will define determinants for dmyx n) matrix as satisfying
the following properties (axioms):

I) The determinant is linear in each of the rows;

[I) If two rows are identical the determinant is nil (the correspondingaceirbr
volume is nil). Equivalently, one may say that the determinant changes sign when two
rows are exchanged;

[II) The determinant of the identity matrix is equal to 1.

One can prove that there is a unique determinant thus associated (io>any
matrix. One can also generalize the rules of operation for the calculation of determinants
seen above. Afin x n) determinant can be evaluated using staallet) x (n — 1)
determinants as above with a careful alternation in sign. Weaea#pt those two facts
without proof.

At that point, all properties of determinants can be deduced from the above three
axioms. Let us list a few:

If E;; is an elementary matrix (representing a row addition in Gaussian
elimination), then its determinant is 1. If a matrix is diagonal, then its determinant is the
product of diagonal elements. More generally, if a matrix is triangular, its determinant is
the product of the diagonal elements.

A permutation matrix has a determinanticif

The determinant of a matrix product AB is the product of the determinants of A
and B.

A matrix is nonsingular (thus invertible) if and only if its determinant is non-zero.

The determinant of A is the same as the determinant of A.



