Applicable Game Theory

Appendix 2: The Computation of Perfect Bayesian Equilibria’

A game may be defined in normal, extensive, owagk form. In the first case,
one will refer to the equivalent extensive form wheach side has a single turn
represented by an information set and where eaategy is a move available at that
information set. The network form allows cyclingtlwn the game form. Moves that can
be repeated are called "recurrent.” A mave isctisted" if there exists.d
(0 < d, < 1) such that any payoff resulting from completthg move is multiplied by
d, when viewed as an expected payoff. Such a disdaator is interpreted as a
probability of completing the move once it's bensen. The most general formulation
of equilibrium conditions requires two assumptions:

Assumption 1: Any cycle must contain at least one discountesen
The second assumption requires the following:

Definition 1: A node S is called a "source" for an informatsatZ if for any
node Ne 7 , any cycle containing N also contains S.

Assumption 2: Any information set has a source.

A strategy profile is a set of probability disuitibns over the moves available at
each information set. f is a move available atittformation sef (denoted< 7)
thenp, is its probability in the strategy profilhdfe must therefore exigt > 0  such

thatd " p, = 1. And a belief system is a set of probabiisstributions over the nodes of
=<7

each information sef . If M Z is a node then therstbe a belief (to be at M), > 0

such thad | gy = 1 . A perfect bayesian equilibrium (PBE) jgairing of a strategy
NeZ

profile and a belief system such that the strategre sequentially rational given the
beliefs and the beliefs are consistent with thatsgiies through Bayes Law whenever
possible. The goal here is to show that such aiBB&e solution of an equation of the
form F(X) = 0 where X is the vector made up of the @dobtesp, and the beliefsy

The components of F express the conditions of setleationality and Bayesian
consistency. To obtain them one must first consenpected payoffs for each move and
hit probabilities for each node. These involve (jartial) transition matrix T defined

over the non-final nodes of the game form as wetha "instant payoff" vectors for each
player.
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We assume an arbitrary order for the non-finalasoaf the game. If node;N can
lead to node N by a move theppd s the probakolitthat move and it is in the
position(, j) in matrix T. It accounts for the probdlilp, that the move is chosen and
the probability d that it is completed when it isaunted. For each moye available at
node N that yields the payotﬁ to player A, he eapect gpyuﬁ from that move at

that node. The instant payoff vectéf*  for A hag'itcomponent given by p,u?)
y=<N;

where the sum is taken over all moyes availabM; aDne can easily prove
Lemma 1: Under assumption {, 4+ )T is non-singular.
The expected utility vectata  for player A therefeaisfies

EA = TER + UA
oo EA=(I+T+T+.+T+.)UA=(1-T)'U* (1)

This vector gives the expected payoff for A of t@ag each (non-final) node;N .

Initial beliefsb are typically a trivial probab#itdistribution where a "start node"
has probabilityl and all others have probabilitAs.the game is played according to the
strategy profile, some nodes are hit at variousstwrith various probabilities in Markov
chain fashion. The entry!, in position j)  in the mafrf is the probability of moving
from node N to node N in exactty turns. If N isaurce for the information sgt that
can be reached in the given strategy profile aiN} i any node i then the ratio
pij = aj + o; of thej™ to theé®™ coordinate in the vector

a=bl+T+T?+ .. +T+..)=b(1-T)""!
is the total probability of moving directly (withbaycling) from N to N . Bayesian
updating thus yields updated beliefs for N

Bj=pij =D pik=0Qj+ Y. Qg

NieZ NLeT
If an information set cannot be reached in the gfile then alky,, are nil and the
beliefs can be arbitrary ih . In all cases, beligfsvill satisfy

9;(X) = B> ap —a; =0 2)
NpeZ

Given beliefs in (2) and expected payoffs in él)resulting from the strategy
profile, the initial beliefs, and the players' pHgpwe can now define the expected
payoff of each move at any information et . Sitheemove is available at each node
of 7 we must obtain the expected payoff at any swtte and weigh them according to
beliefs. If at node N the move is final its expecpayoff is merelys, = p,uy . If itis

non-final and leads to node;N then it reﬂﬁ§: pe(ul + xEﬁ:I) whers the
discount factor, if any. The expected payoff of mevatZ then reads
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Ef =3 Ej, (3)
NjGI

Given the strategy profile and initial beliefschiexpected payoffs are well
defined for all moves (although they are not unidjuke information set is off the
equilibrium path since beliefs are then arbitrahy)any case, at each information et
one can then define a best reply meve Fy= mx{r <7  jusatial
rationality atZ then requires for all

fo(X) = po(ER — E) =0 (a)

Indeed, the move can only have positive probghflit yields a maximum
expected payoff &f sothateithéf. — E2 =0 per=0  (or both).

The collection of equationsf{( %=0 ang( )% 0 }can now bendted
F(X) = 0 as announced. The fact that a solution alwajstsfor this equation results
from a fixed point argument similar to that obtaine the Nash theorem. We now turn to
computation.

The system £ X is clearly continuous in the intedbthe action space (where
all p, > 0 and can be continuously extended to the bayndlaus defining beliefs off
the equilibrium path by a limit process). But besmthe best reply* can be
discontinuous, it is only differentiable by pied@sthin the "regular" regions where the
best reply is unique). This may be an impedimenthédesign of an efficient numerical
method. However, it is not difficult to write anwegalent set of smooth equations. For
instance, following Nash's original insight, oneilkcbwrite

v, = max{0, B — ZpyEgj}
y<T

wherez is a move by A and the sum is taken ovanalles available to A at the same

informationZ asc . Then, the transformation
;o pet?
Dy = I+ vl

y=<T

is similar to that used in Nash's classical exstgoroof that relies on a fixed point
argument (where alf, = p, ). Nowf, can be replaced bydifferentiable
0a(X) =1 — D2 (5)
Regardless of whether one uses (5) or (6) to septesequential rationality, it
remains necessary to ensure thatgthe  indeed defi@@robabilities. One could simply
add constraints to that effect. But a simple aifelcéve device is to introduce a new set
of real variableg, € R and to let, at each informatietiZs

Pe = alz) + ) alz)

y<T
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wherea is a 1-1 differentiable function frdkn  irfth co). For instanceq(z) = e¢* . The
p, provide strictly positive probability distributisrand therefore make Bayesian
updating always possible (i.e., the equilibriuracsually sequential). The unknowns
are then subsumed into a vector Z and the resigtjugtions read G )Z= 0

One can then define the Jacobian matrix D G Z andider the differential
system

97(t) = - [D26(2)]"1.6(2) (6)

The function

L(Z) =[G(X)]".G(Z) > 0
is continuously differentiable and satisfies aldimg solution curve of (6)

dL(z(t)) = [DzG(Z(1)).2Z(1)]".[D2G(Z(t)). 2 Z(t)]

= —2[G(Z(1)I".G(Z(t)) = —2L(Z(t))
or  L(Z(t) = L(Zy)e ™

So,L is a Lyapunov function for the system ardkitreases exponentially along
the solution curves of (6).(Z) therefore converges solution of ¢ =0 aslong as it
doesn't get "caught” in regions where the Jacamaimix would be degenerate (a known
limitation of the Newton method).

Computational experience indicates that the nuraksiolution of (6) usually
converges for arbitrary random initiaj Z . Indedtk tse of equation (4) is just as
effective as that of (5) despite the discontingitie Dy F.

In order to also obtain perfect bayesian equdibhiat are not sequential one may
limit the implementation of the above techniquesdme facets of the total action space
(where some probabilities are set to zero). Degiavhich facet to serach can be the
result of a process akin to the elimination of deaed strategies in normal form games.
Finally, to ensure well defined beliefs off the édpium path only may involve some
artificial nodes leading to such information sétspractice, several ad-hoc devices
provide rather exhaustive results.



