Math 500: Markov Processes, Decisions, and Evolution: Class #10

Markov Chains (continued)

One important issue arises when in the method discussed in the last class when the
eigenvalues ofl" include complex numbers. How do we interpret the effect of such
eigenvalues on probabilities that are real by definition? Let us discuss the following
example
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The eigenvalues are the solutions gf pE ) p(p— 1)+ =0 poel *Z,
Suppose we are interested in the prdibabf being at state 1, starting from state 1, after

n turns. In the notations of Norris, this reaé!? p . Using the same argument as in the last
class, this must read

ol =a+ b(1) +d - 4) (1)

However, by Euler's formula(i%)n = G)n( CB5t1 Qj-‘n) . Combining with
(1) yields

p\ = a+ (%)n{ (b+ c)co&" +i (b c)SF@i} (2)

So, if b and ¢ are complex conjugates, we can wite +=(b cyyaad — (b 0©),
both real, and the expression in (2) is real. The same technique as before applies. We write

Py =a+p8=1 (since we start at state 1)
pl) = a+ 1y =0 (since thep = 0 )
pﬁ) —a—14=0 (by calculatingT? )

It follows that a= § ,3 =
of being at state 1 i5 .

% , and = — % . In particular, the long run probability

In general, we can calculate the probabiligll) p edohing statg from staie
aftern turns in the very same way. We can then ask whethgrasssbleto reach statg
from state; which, of course, requires tp}ﬁ > 0 for somen . We will say thatleads

to ;7 (denotedi — 5 ) whenever that probability is positive for same . We similarly say
that: communicates with (denotée- ;j ) when hoth j andi . This is clearly an
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equivalence relation that defines so-cattethmunicating  classes. Such a claksed if
whenever; — j and is in the class then s in the class (in other words, you cannot leave
a closed class). A state that forms a closed class is abtedbing If a Markov chain is
such thatl is a single class, then it is calleztiucible

We can also define thdtting timeH;  as the minimum time it takeXfor  to be
in statej , starting fronX, =¢ (with the convention that thisxis j if can never be
reached fromi ). This is clearly a random variable. We inaitady define H for a subset
A C I. We may now define the probability' = P Hf* < co ) that, starting from state

(Xu)n>o ever hitsA . WhenA is a closed class, this will be calledalitsorbsion
probability.

With the example of last time, it is clear that the wholelset {1,2,3} forms an
irreducible chain since all states communicate with each other. Therefore, the hitting

probabilitieshf are all trivially 1. A less trivial example is given by the following diagram
(from Norris p. 12)

p=0.S00000

p=0.500000 p=IZI.5l:IIZIIZIIZIIIa

p=0.S00000

Clearly, the probability, starting from state 1, that the chain ever hits anything but
state 1 is nil. But what is, for instance, the probability that starting from 2, the chain hits
(and is absorbed into) 42  denotes the probability that, startingifrom , the chain hits 4.
Clearly,h{ =0 andhi =1 . Moreover:

hy=ghi+zhs  and kg = 3hi+ shi (3)
Solving (3) yieldshi = .
A related question iBow long it takes to reach 4 starting from 2. In other words,

what is themean time in which one reachgs from ? This is simply the expectation of the
random variabléd;] that reads (and may be infinite)

k= BE(H!) =Y. nP(H! =n) + coP(H! = ) (4)

n<oo

With the same example, we fiid = co . Moreovgr= 1+ 1k{ + 1k = oo
So, the expected time it takes to reach 4 from 1 is infinite because of thelipossibe
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absorbed in 1 from which it become impossible to reach 4. If, however, we ask the mean
time of reachingd = {1,4} from 2 we havg' = k! =1 and

kst =1+ 5k + 3k
kit =1+ 5k + 3ki

which yieldsks' =2 .
More generally, we can obtain the following

Theorem 1 The vector of hitting probabilities” = (h : i € A) is the minimal
non-negative solution of the system of linear equations

Rt =1 fori e A
hit =Y phitfori ¢ A
jel

Proof. Norris, pp. 13-14.

Theorem 2 The vector of mean hitting timgds* = (k7 : i € I)  is the minimal
non-negative solution of the system of linear equations

kA =0 fori e A
kA =14+ pyki forig A

jEA

Proof. Norris, pp. 17-18.

Homework

1. Problem 1.3.2 p. 18 of Norris.



