Math 500: Markov Processes, Decisions, and Evolution: Class #7

Random Matrices

Suppose we pick a matrix at random in a given set. More specifically, suppose we
are interested in hermitian matrices H (such that&H H) and that we wish to choose its
coefficients randomly and independently, what is the probability that we hit one matrix
rather than another? More precisely, what is the probability that we hit such and such
eigenvalues for that matrix. These are the questions we now take up. We will restrict our
attention to2 x 2 hermitian matrices to get a sense of the issues. But most of the theory
can be developed with x n matrices for the hermitian, the symmetric, and other cases.
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arbitrary hermitian matrix. If the probabilities of choosing the entries are all independent,
the probability density for any such matrix should be given by

P(H) = fi1 (41 )f12 (2 )g12 (V12 )f22 (%2) (1)

with densityfunctionsf;, ands, > 0 and a normalization conditiof [ [  P(H)dH

The first question is: "what kind of functiolfg.  and are possible?" The answer
depends on additional conditions on P(H). For instance, we know that a hermitian matrix
is unitarily equivalent to a real diagonal matrix: U BUA with U=U | abhd real
diagonal. Since U corresponds to an orthonormal change of basis, H and represent the
same linear map and their probabilities should be the same. More generally, if H' is
hermitian and U is unitary, = U H'U is also hermitian and represents the same linear
map in another orthonormal basis. This similarity tranformation shouldn't change the
probability of occurence since the measureath element ai -dimensional space is left
unchanged by an orthonormal change of basis. So, it is reasonable to assume that
P(U*H'U) = P(H') forany unitary matrix U. Let us investigate the consequences of this
assumption.

Consider the following (by no means most genera¥ é f(?j ” ;’:) s

clearly unitary (it is a rotation of angle ¢ ), and le=H * U H'U. By our assumption, a
change ird does not affect the probability of H. So, we can write from (1)
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Now, let us calculate th%‘f by differentiating=H * U H'U (and usingdH H'U
and U H= HU)



Math 500: Markov Processes, Decisions, and Evolution: Class #7
dH _ dU pp sppdyU du % dU
o =20HU+U H@_<FU>H+H<U @> (3)
or, if we let A= U9}, 9 = A H+ HA. But one finds easily:

A_U*du cod) — sid — sid cas\ [ O
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So, one finds by direct calculation that
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We can replace in (2) to find (note tl*%Z =0 here)
2X12<— % + %) + (X1 — X22)% =0
or
LS 1 i _ I
Eﬁ T Xi1—Xg <fﬂ f;;) (4)

Now, the left-hand side of (4) depends only gp x while the right-hand side
depends only on;x andx . So, the two sides of (4) equal some constant ¢say ). It
follows that

% = — 20X2 or fiz(%2)= G e~ (5)

Similarly, the right-hand side of (4) yields

! !
f11 @

Xy + = 0Xgy + P = B 6)
which yields
fll(Xll) — Clle_%ax%l‘i‘ﬁxll and f22 (&2 ): @26—%axgz+ﬁx22

By this investigation with the given unitary U, we have identified fi., ,fand
but not g,5. It is not too difficult to obtairgy, (yi2)= d e~ from a similar argument
(see homework). Putting all results together, we find

P(H)= @—%a(xf1+2x12+2y12+x§2)+ﬁ(x11+x22) (7)
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Of course, for this to be a true density function, it is necessaryxthad . One
amazing fact (verify it) that can be generalized torthen case is that
P(H) = Ge—%atrace{ H)+23 trace M (8)

In all this, the constantex and appeared from integration of differential
equations and are arbitrary (except for the sign of ). So, additional assumptions will be
needed to discuss probability distributions of hermitian matrices. But theyeessarily
restricted to forms such as (8) as long as the two basic assumptions (independence of
probabilities of the entries, and invariance under unitary transformation) are met. One
typical case that we will focus on (next time) is

P(H) — @ tracd H) (9)

Homework

1. Check directly that P(H) given by (8) is invariant under unitary transformation.
Hint: calculate P(U H'U).

a kev
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conditionson a, b, c, ¢y , agd so that U is unitary.

2. Let U= < ) with a, b, c, d real positive apd ¢ & 0 2r, ). Write

and Y _, . Then let

1 i
3. Let u:i< © oo

V2 —e % 1
A= <U*g—;’> |, and calculatef! = A H- HA. Conclude that

) . Calculate §¢
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and therefore thati, (y ¥ g



