Math 500: Markov Processes, Decisions, and Evolution: Class #3b

Linear Algebra (continued)

Let us return briefly to some ideas on basis and dimension in order to clarify a few
points.

We defined a finite dimensional vector sp&te as one that has a finite spanning set
and found that any basis ¥fmust have the same number of vectors called the dimension
of V. However, the fieldF over which we define our vector space cé beC or or even
something else (such as the quarternions). Now, suppose we have a vector space over the
complex number€ . Since we know tiat can be viewd&Fas |, the vectoMspace can
also be viewed as one over the rddls . More precisely, suppose that we have a basis
E={ey,..,e,} Of V viewed as a vector gge over the complex. This means that any vector
v € V can be written uniquely = 2, + + ,g, withz C . Butsince apy z can be
written uniquely z= Xx+1¢y (withx,ye R ané = —1 ) we may write (uniquely)

v=Xer +Yiter + ..+ Xp€n + Yales

so that, if we letf; = ie; ,the s = ef{ f, ,en fa, }cClearly spans viewed as a vector
space over the reaR . Indeed, it is easy to verify that is a basis for that space (see
homework) and that it has:2 vectors. 8o, viewed as a vector spRce on  has twice its
dimension when viewed as a vector space&Con . Some authors like to stress this fact by
writing dimcV = n and dimV = 2n .

Another important issue is how one goes from one basis to another in a given
vector space. Suppose that we have two b&ses,,.H,} andi = {u;,..u, } of V
(now, without specifying over which field ). We may have a linear fiap Yom into
itself currently represented by the matrix A in the b&sis . Presumably, a change of basis
should imply some changes in the matrix that repre§énts . How does this work?

Consider an arbitrary vectorc V. It can be written

v =X€ + ..+ X,€p
or (1)
v=Yiu + ..+ Yoiy.

Moreover, the vectorg; can be seen as the images ef the 's by some linear map
S fromV into itself as follows (see homework):

Vi, letu; = Se; and
(2)
if v=Xe; +.. +X,e, thenSv = Xu; + ..+ %u,

Let us call B the matrix that represests in the bésis (it has the components of
u; as itsj th column). Writing the second line of (1) in the kisis  then yields the equality
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X = By

So, if we have a vectar written in the badgis as a column matrix y, we obtain
easily its representation x in the basis byx By. Conversely, since B is clearly
nonsingular, we obtainy fromx by=y B x.

So, if we know the matrix A of" in the bagis , we know how to obtaih in the
components of'v  (the column matrix Ax) from thosevof (the column matrix x). If we
now want7Tv ini{ fromy i/ we can simply apply B to Ax and rewrite x By to
obtain the column matrix it¥ dfv asB ABy. This means that the matrix M that
representd’ in the bagis isM B AB. We say that M and A are similar and that the
transformation A~ B! AB is a similarity transformation. The "being similar" relation is
easily shown to be an equivalence relation (see homework) ameng matrices. A
particular case of interest is when B is orthogonal. In that case A and M are called
"orthogonally equivalent.”

Similarity transformations will be particularly useful when we will try to rewrite a
given matrix in a more practical form. For instance, we will show that a (real) symmetric
matrix is orthogonally equivalent to a real diagonal matrix.

Homework

1. Show that the sek = e{ f, ,en fn } Withi =ie; is linearly independent in
the real if the sef ={ ,e, }Iis linearly independent in the complex.

2. Verify thatS defined by (2) is a linear map.

3. An equivalence relation among elements of aSset is a refation satisfying
for anys ,t ,u :

Ds«—s;2{s—t} ={t—4gand 3){s«—tandt «— u}={s— u}

Show that the similarity transformation between matrices defines an equivalence
relation.



