
Math 370 Midterm #2 Sample

1. Show that any cubic polynomial  (with  real):ÐBÑ œ +B  ,B  -B  . + Á !ß ,ß -ß .$ #

has at least one real root. Hint: Assuming , rewrite .  and argue that+  ! :ÐBÑ œ B <ÐBÑ$

there exists such that  for .Q  ! <ÐBÑ   + B   Q"
# k k

<ÐBÑ œ +    + B Ä _ !, - . "
B B B B# $ clearly approaches  as since  approaches . So, therek k

must exist  such that  for .Q  ! <ÐBÑ   + B   Q"
# k k

Now, and :ÐQÑ œ Q <ÐQÑ   +Q  ! :Ð QÑ œ Q <ÐQÑ Ÿ  +Q  !Þ$ $ $ $" "
# #

Since the continuous function  changes sign on the interval  it must have a: Ò QßQÓ
root by the intermediate value theorem.

2. Assume that the sequences  and  both converge to the same limit ÖB × ÖC × PÞ8 8

Define the sequence  by:ÖD ×8

 if 
if D œ

B 8 œ #5  "
C 8 œ #58
5

5
œ

Using the definition of convergent sequences, prove that  converges to .ÖD × P8

a  ! b − R 5   Ê B  P % % K  such that KB B 5k k
and (for the same ) K  such that K% %b − R 5   Ê C  P C C 5k k
So, if I let N max K K  then N ifœ Ö#  "ß # × 8   Ê Ö D  P œ B  P B C 8 5k k k k %
8 œ #5  " D  P œ C  P  8 œ #5×or if .k k k k8 5 %

3. Assume that  is continuous and that there exists a unique 0 À œ Ò+ß ,Ó Ä V - −\ \
such that . Assume that  is a sequence in  such that0ÐBÑ œ ! Í B œ - ÖB ×8 \
lim
8Ä_

8 80ÐB Ñ œ ! ÖB × -. Prove that converges to  using the following theorem: "if all

convergent subsequences of a bounded sequence converge to a same limit  then the-
sequence converges to ."- 1

Since  is bounded consider an arbitrary convergent subsequence  with limit .B ÖB × B8 85

Since  is a subsequence of the convergent sequence it has the sameÖ0ÐB Ñ× Ö0ÐB Ñ×8 85

limit . By the sequential characterization theorem . By! 0ÐBÑ œ 0ÐB Ñ œ !lim
5Ä_

85

assumption it follows that . By the theorem, since all convergent subsequencesB œ -
ÖB × - ÖB × -8 85

 have the same limit ,  converges to .

4. Assume that  satisfies . Show that if  is1 À V Ä V aBß C À 1ÐB  CÑ œ 1ÐBÑÞ1ÐCÑ 1
continuous at  then  is continuous everywhere in .! 1 V
If  is continous at  then (by definition) . But then:1 ! 1ÐBÑ œ 1Ð!Ñlim

BÄ!

  (since  and )lim lim
DÄC BÄ!

1ÐDÑ œ 1ÐB  CÑ D Ä C Í D œ B  C B Ä !

 . .   (by limit theorems) œ 1ÐBÑ 1ÐCÑ œ 1ÐBÑ 1ÐCÑlim lim
BÄ! BÄ!

ˆ ‰ ˆ ‰
 .œ 1Ð!Ñ 1ÐCÑ œ 1Ð!  CÑ œ 1ÐCÑ
So,  is continuous at any .1 C

1This theorem appears in other textbooks but not yours. The proof is by contradiction: if  does notÖB ×8
converge to  it has (by Bolzano-Weierstrass) a subsequence that converges but not to .- -


